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ABSTRACT

A stable region of the double primitive (DP) network structure formed by the AB-type comb-shaped block copolymer (A-g-B CSBCP) melts
is identified using self-consistent field theory. The formation mechanism of the DP network is systematically investigated. In the mean-field
limit, the transition in the A-g-B CSBCP melts between the DP network and its spherical counterpart, the metastable body-centered cubic
(BCC) spheres, can be either continuous or discontinuous, distinct from the typical order-order transitions (OOTs) observed in conventional
block copolymer melts. We further determine the critical point at which the discontinuity vanishes. Our results demonstrate that the stability
of the DP phase and the continuous OOT primarily originate from the unique chain architecture of the A-g-B CSBCP.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0357535

I. INTRODUCTION

In the last three decades, extensive experimental and theoret-
ical studies have led to significant progress in understanding and
predicting the microphase behavior of block copolymers (BCPs)."”
Four generic types of microstructures have been observed in BCP
melts: lamellar, bicontinuous network, cylindrical, and spherical
phases.” Among these ordered structures, tubular network mor-
phologies, owing to their interconnected channels and high volu-
metric surface areas,’ hold great promise for the development of
various functional materials.”* To date, although 349 distinct net-
work phases have been generated using artificial intelligence,” only
two network nanostructures, the double gyroid (DG)® and the o
(Fddd) phases,'”'" have been predicted to be equilibrium phases
in diblock-copolymer (DBC) melts using self-consistent field the-
ory (SCFT). Beyond simple DBCs, theoretical studies predict that
double-diamond (DD) and double-primitive (DP) networks can be

stabilized through blending'’ or chain-architecture design.'® Tak-
agi et al. successfully obtained the DD network in ternary blends
of diblock copolymers containing polyisoprene blocks of different
chain lengths."* Thermodynamically stable DD networks have been
found in syndiotactic polypropylene-block-polystyrene'® and iso-
tactic polypropylene-block-polystyrene melts.'® The stability of the
DD phase arises from the release of packing frustration within the
minority block, achieved through either blending or the introduc-
tion of helical segments. Recently, Lee et al. reported that a stable DP
network nanostructure can be obtained by linking small functional
groups to the ends of diblock-copolymer chains.'”

The DG and O”° networks™'” occupy the region of the phase
diagram between the lamellar and cylindrical phases, whereas the
stable region of the DP network is located near the spherical
phases.'”"® This proximity indicates that adjusting system para-
meters (e.g., temperature) might induce a sphere-network trans-
formation. Such a transformation is closely related to topological
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defects (e.g., broken struts) in network structures formed by BCPs,
which affect the performance of the materials.'”* It is notewor-
thy that tubular network nanostructures have spherical counter-
parts. For example, BCC spheres and DP networks possess the
same space group, with the nodes in the DP network correspond-
ing to the spheres in the BCC phase. Therefore, the topology of
the DP network can be considered as a direct linking of neigh-
boring sphere centers. In a recent study, Chang et al. kinetically
trapped a double-network structure sharing the same space group
as the Frank-Kasper (FK) A15 phase (Pm3n) via solution cast-
ing.”! Unlike the DP network, the FK-like network phase is built
from the bisectors of the spheres, with its nodes in every sin-
gle network alternating periodically between three-strut and four-
strut connections. We focus on the DP network in this work
because of its simpler topological structure and richer founda-
tional literature, in contrast to the newly discovered FK-like net-
work. Although hexagonal-network,?? network-network,”** and
DG-FK-A15 transformations”” have been investigated, to the best of
our knowledge, studies of the DP-sphere transformation have been
lacking.

In this work, we revisit the self-assembly behavior of AB-type
comb-shaped block-copolymer (A-g-B CSBCP) melts, which was
previously investigated by Lin and co-workers,” by considering a
broader set of candidate nanostructures than in the earlier study.
The A-g-B CSBCP can adopt loop-bridge-dangle conformations”
to accommodate the local geometries of the nodes and struts in tubu-
lar networks, making it possible to stabilize the DD and DP phases.
The mechanism by which the chain architecture stabilizes the DD
and DP phases through macromolecular conformations has been
discussed previously.'? We first construct a phase diagram for A-g-B
CSBCP melts, in which stable regions of the DD and DP networks
are found. To gain insight into the formation mechanism, we sys-
tematically investigate the effects of immiscibility between the A and
B blocks and chain architecture on the stability of the DP phase. We
further investigate the phase transition between the DP and BCC
phases, revealing that it can be either continuous or discontinuous
depending on the chain architecture.

Il. MODEL SYSTEM AND SELF-CONSISTENT FIELD
THEORY (SCFT)

We consider an A-g-B CSBCP melt in a volume V, containing
n. chains at temperature T. Each A-g-B CSBCP (as shown in Fig. 1)
consists of N segments with five B-segment side chains grafted onto
an A backbone. For simplicity, we set the number of side chains
to m = 5. Other values, m = 2, 3, 4, and 7, have been considered
in previous studies.””* The length of each side chain is ficN, and
the distance between two consecutive grafting points is f,,N. We
define an architectural parameter 7 = f,/(fi + f2) to describe the rel-
ative position of the side chains along the A backbone, where fiN
and £N are the lengths of the A; and A; blocks, respectively, as
illustrated in Fig. 1. This chain architecture may serve as an alter-
native coarse-grained model for the L,, DALy, triblock copolymer,
oligo(lactic acid)-block-oligo(2-hydroxytetradecanoic acid)-block-
oligo(lactic acid).””"’ In this representation, the ester-containing
polyester moieties of the L and DA units are combined into an effec-
tive A-type backbone, whereas the alkyl substituents of the DA units
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FIG. 1. lllustration of the chain architecture of the A-g-B CSBCP, where the
numbers refer to the indices of the junction points.

are modeled as B-type side chains. This mapping reflects the chem-
ical similarity of the L and DA backbones and the immiscibility
between the backbone and side chain segments.

We assume that all N segments have the same number density
p, and statistical segment length b and that the grafting density of
the side chains is sufficiently low for each block in the A-g-B CSBCP
to be modeled as a Gaussian chain. We adopt the “standard” model
and self-consistent field theory (SCFT) to describe this system.”’

Within the mean-field approximation, the Helmholtz free
energy per chain is given by

Bf: = ?% fdr $a(r)¢p(r) -In Q. - %Z fdr wa (1) $a(r)

+ ’1(1‘)[1 - ¢>a(r)], 2.1)

where ¢, (r) and w,(r) are the volume-fraction fields and their con-
jugate potential fields for segments of type o = A, B, respectively, and
Q. is the single-chain partition function given by

1
Q= v fdr Apq(1,8)qqp(r,1 —5). (2.2)

Here, qp’q(r,s) is a propagator satisfying the modified diffusion
equation (MDE),

0 I,s
% = V2 dpq(1,5) = wa(r)dpq(r.s), 2.3)

starting from vertex p and ending at vertex q (see Fig. 1). Here, 0 <
s <1 is the normalized chain-contour variable along a block with
vertices p and g as its two ends, and the segment type o depends
on the vertices p and g. Table S1 of the supplementary material lists
the propagators on an A-g-B CSBCP chain and their corresponding
initial conditions. After solving the MDEs, the volume-fraction fields
¢, (r) and ¢ (r) are calculated, and the following SCFT equations
are solved iteratively:

640 =% [ ds paeann(e1-9)

5O=F [ a9 @D
a=b"

wa(r) = xN¢s(r) +7(r),
wp(r) = yN$a(r) + 1(r).
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With fi, = 0.05, the model contains only three independent
parameters: fa =1 —5fi, 7, and yN, where y is the Flory-Huggins
interaction parameter. All SCFT calculations are performed using
the open-source software package PSCF+.*

The density distribution of vertex v is computed as

M 1
p®=6H%MM, (2.5)
cp

where the product runs over all branches terminating at vertex v =
0,...,11 (see Fig. 1).

Ill. RESULTS

The phase diagram of our model system is constructed by
comparing the dimensionless mean-field Helmholtz free energy per
chain, ff;, of nine candidate ordered phases: lamellae (L), hexag-
onal cylinders (HEX), the Frank-Kasper (FK) Al5 and ¢ phases,
hexagonal close-packed spheres (HCP), double gyroid (DG), dou-
ble diamond (DD), double primitive (DP), and body-centered cubic
(BCC) spheres. A representative phase diagram in the 7-f4 plane
at yN =75 is shown in Fig. 2. It is interesting to note that the
DP structure emerges as a stable phase in the window defined by
0.14 < 7<0.23and 0.5 < f4 < 0.52. As 7 increases, SCFT predicts the
order-order phase-transition sequence HCP - DP - HEX — DD
— DG. On the one hand, as in the phase diagrams constructed by
Li and co-workers,'”'” the stable DP network phase in the current
model is located near the spherical phase. It is reasonable to spec-
ulate that the morphology of the stable DP phase in this system is
obtained by deforming the spherical domains of a spherical phase.
On the other hand, a conventional network phase (DG or DD) is
obtained by varying the cylinders of the HEX phase.”” Figure S1(a)
shows the volume-fraction field of the DP phase formed by the A-
g-B CSBCP at f4 = 0.5, 7 = 0.16, and YN = 75, where we can see that
the struts are thinner than those formed by DBC [see Fig. S1(c)].
Previous SCFT studies have shown that the DP phase formed by the
DBC melts is metastable.””"”

We first investigate the effect of the interaction strength
between A and B segments (yN) on the DP morphology. We find
that increasing yN leads to a significant enlargement in the cross-
sectional dimensions of the network struts. At YN = 120, the struts
in the DP phase formed by the A-g-B CSBCP are almost as thick
as those in DBC melts [see Figs. S1(a), S1(b), S2(a), and S2(b)].

0.4 T
DG
- HEX
0.21 DP .
\__/
HCP
0.1 T
0.5 0.51 0.52
fa

FIG. 2. SCFT phase diagram of the A-g-B CSBCP melts in the 7—f; plane at yN =
75.
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To understand the morphological evolution of the DP phase, we
quantitatively investigate how the strut thickness varies with yN.
Figure 3(a) shows the volume-fraction profiles of the A and B seg-
ments along the line connecting two neighboring nodal points (or
sphere centers), i.e., the segment distribution along the central axis
of a strut. We observe that increasing yN enhances the segregation
between the A and B segments along the central axis of a strut,
resulting in an increase in strut thickness. More importantly, we
note a point at YN = 72.675, when f4 = 0.5 and 7 = 0.16, where the
two volume-fraction profiles are tangent to one another. The struts
become “disconnected” if yN falls below this point. We define a
connectivity parameter A = ¢,(0.5Lo/Rg,0,0) — ¢,(0.5Lo/Rg,0,0)
to quantify the degree of connection between neighboring nodal
domains; larger values of A indicate stronger connections between
these domains. As shown in Fig. 3(b), A varies continuously with

xN at fa = 0.5and 7 = 0.16. This observation is nontrivial, indicating

that the transition between the DP phase and its spherical counter-
part, the BCC phase, can be continuous, which will be discussed in
detail later.

To examine the microscopic details of the structural evolution
as yN increases, we investigate the spatial distributions of the chain
vertices. At yN =72, the A; block forms the core of each sphere,
whereas the remaining A segments accumulate outside the core to
form a shell (see Fig. S3). At yN = 73, a similar core-shell-like distri-
bution is observed, but the shells of neighboring nodes are connected
to form the network (see Fig. S4). The vertex-density distributions
at both values of yN show that vertices 3-6 are concentrated in the

¢m(X/LOr Ol 0)

1
@)
0
<
-0.05- 1
-0.14 B
-0.12 T
72 72.5 73
®) xN

FIG. 3. (a) Volume-fraction profiles of the A and B segments, ¢, (xLo/Rg,0,0),
along the line connecting two neighboring nodal points (i.e., sphere centers) at
xN =70, 72.675, and 75, respectively, where Ly/Ry is the natural period of the
cubic unit cell in units of the radius of gyration, Ry = \/N/6 b. (b) Connectivity
parameter A as a function of yN. The dashed vertical line marks yN = 72.675,
where A =0, f, = 0.5, and 7 = 0.16.
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transition may be either continuous or discontinuous, depending
on 7. Although A is a local measure of morphology, it can neverthe-
less describe the morphological evolution across the DP-BCC phase

0 1 2 3 0.17
0.15
i [
0.1
0.05
4 - 5 - 6' —
0
" (I ) |
-0.05
| e | -0.07

FIG. 4. Variations of the vertex density distributions as yN increases from 72 to
73, P;N:n (r) - P;N:n (r), with p;N(r) being the density distribution of vertex v
(v=0-6). , =0.5and 7 = 0.16.

region between neighboring nodes. A similar core-shell-like net-
work structure has been reported previously.'® Furthermore, Fig. 4
shows that the vertices undergo different degrees of displacement
as YN increases from 72 to 73. The side chain grafting points (ver-
tices 1-5), and particularly the free end of the A, block (vertex 6),
are displaced more significantly than the free end of the A; block
(vertex 0). In other words, the segments forming the shells exhibit
greater spatial variation than those forming the cores. These results
indicate that formation of the DP network is driven primarily by
anisotropic swelling of the shell regions. Videos S1 and S2 show
the corresponding evolution of isosurfaces viewed along the [001]
direction. In Video S1, YN increases from 50 to 100 at fa = 0.5 and
7 =0.16; in Video S2, it increases from 60 to 90 at f4 = 0.52 and
7=0.14375.

To gain deeper insight into the phase transition between DP
and BCC phases, we investigate how 7 affects the transition. As
shown in Fig. 5, for relatively large values of 7, the connectivity para-
meter A varies continuously with yN. By contrast, when 7 falls below
a threshold value, A exhibits a discontinuous jump as yN is var-
ied. An analogous behavior is observed in the free energy. The free
energy curves for BCC and DP at 7 = 0.125 are shown in Fig. S5. The
first derivatives of free energy with respect to yN change continu-
ously at large 7 but become discontinuous below a particular value
[see Fig. S5(b)]. These observations indicate that the DP-BCC phase

transition.

3.86
—r— BCC
->- DP
|
3.82
o
-~
3.784
Mxx
3.74 %
79.0 79.5 80.0 80.5 81.0
(a) XN
3.781
5 3.76 i
3.741
782 783 784 785 786
(b) xN
3.761
S 3.741
3.72
776 77.8 780 782 78.4
() XN
3.85 BCC DP T
<« <« 0.122500
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$ $0138%
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® 0.134032
S _egemmmT ¥ =4
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FIG. 5. Connectivity parameter A as a function of yN for the BCC and DP
mesophases at various values of 7. fy = 0.52.

FIG. 6. Natural period, Lo, of the BCC and DP mesophases as functions of yN
at (a) 7 = 0.125, (b) = 0.134 032, and (c) = = 0.1375. The dashed vertical lines
in (a) and (b) mark yN = 79.850 and 78.3835, respectively. The solid circle in
(b), at Ly = 3.762 795, marks the natural period at the critical point. (d) Natural
period of the BCC and DP phases along the coexistence line shown in Fig. 8;
blue and red symbols denote the BCC and DP phases, respectively. The mark-
ers in (d) correspond to the coexistence points (7, yN) as follows: «, (0.122 500,
80.280); A, (0.123 125, 80.150); I, (0.124 375, 79.950); w, (0.125000, 79.850);
x, (0.128 125, 79.330); 4, (0.131250, 78.830); ¥, (0.1328125, 78.575); and a
pink colored circle, (0.134 032, 78.3835), denoting the critical point.
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Because the DP-BCC transition is isosymmetric, a discontinu-
ous transition is accompanied by a jump in the natural period.””
We, therefore, examine how 7 affects the natural period. As shown
in Fig. 6(a), at T = 0.125, the natural period exhibits a discontinuous

0.024
---- fitting 7
0.02 1 al
f,v'
”'/ k=0.5
w o =02
0.01+ * 10724 »
/' L
* -
/
/ 107! 10°
{ XN = (XN)c
0. ¢ T T
78 79 80 81
(a) XN
0.024
~e ---- fitting
0.021 ey
N
- -
w k=05 - .
0.017,0-2 e KN
,"/ \\\
*\
10 10-3 102 \‘.
Te—T i
0.120 0.125 0.130 0.135
(b) T
70 b i
---- fitting /v’
- 507 //
= A
S| -
~ | > nd
= -~
o1, 9,/
/,’
A&
04~ '
0 0.005 0.01
©) Tc—T
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—"g‘————
0.01
/,/’ k=1/3
x /0/ o /
0.005 (;5'
/
/
| 1074 1073
1 T-Tc
0 #

0.134 0135 0136  0.137
d T

FIG. 7. Order parameter ¢ as a function of (a) yN and (b) 7. The fitting curves
are & = 0.0147[yN — (xN)]"/? in (a) and e = 0.1876(zc — 7)"/2 in (b). (c)
The inverse derivative [& InLopp/@(xN)]~" as a function of z; — 7. The lin-
ear fit has a slope of 7169.2 and an intercept of —1.5981. (d) «, evaluated
along the critical isotherm yN = (yN)., as a function of 7. The fitting curve is
given by 0.09( — 7¢)'/. The markers in (a)—(c) correspond to the same (z, yN)
coexistence points listed in Fig. 6(d).
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jump as yN is varied. At 7 = 0.1375, however, this jump disappears
[Fig. 6(c)]. This behavior suggests the existence of a critical point
at which the DP and BCC phases become indistinguishable and the
discontinuity vanishes. In Fig. 6(d), pairs of data points with match-
ing marker symbols denote the natural periods of the coexisting DP
and BCC phases along the DP-BCC coexistence line, defined by
BfPP = BFECC. As T increases along the coexistence line, the differ-
ence between the two natural periods decreases, and they converge
to a common value at the critical point. Although the above results
provide strong evidence for the existence of such a critical point, its
exact location has yet to be determined. The following describes how
we locate it.

Because the DP and BCC phases have distinct natural periods in
the discontinuous transition regime, we define an order parameter,

L
s:ln(%), (3.1)
Lopp

to quantify this difference. Because the cubic unit-cell volume is
Vo = Lg, this quantity can also be written as ¢ = éln (Vosee/Vopp)
and, therefore, represents the logarithmic dilation strain associated
with the structural transformation. It is nonzero when the BCC and
DP phases have distinct natural periods and vanishes when their
natural periods merge at the critical point. In contrast to A, which
characterizes local connectivity, € captures the global structural dif-
ference between the two phases and, thus, serves as a natural order
parameter for the BCC-DP critical behavior. Beyond the critical
point, only a single Im3m state exists. We characterize its deviation
from the critical state by

LO,c
K= ln( Lo ) (3.2)
Here, Lo, is the natural period at the critical point and Lo is the
natural period of the Im3m state.

The precise location of the critical point is difficult to deter-
mine directly from the numerical SCFT solutions. Because SCFT is a
mean-field theory, the order parameter is expected to vanish with
the mean-field exponent 8. = 1/2. We, therefore, fit ¢ along the
coexistence line to the square-root forms & oc [YN — (yN).]"/? and
g oc (1. — 7)'/%, as shown in Figs. 7(a) and 7(b), respectively. These
fits yield the critical point at (7., (yN).) = (0.134032,78.3835), as
shown by the magenta points in Figs. 6(d), 7(a), and 7(b).

With the critical point thus determined, the remaining mean-
field exponents can be obtained. Figure 7(c) shows that the inverse
response [0 In Lopp/O(yN)]™" approaches zero linearly as 7 — 7,
where Lopp is the natural period of the DP phase. The deriva-
tive is evaluated numerically using a central-difference scheme with
a step size of A(yN) =0.001. The slight displacement of the fit-
ted zero crossing from 7. — 7 =0 is attributed to the numerical
error introduced by the finite-difference approximation. The corre-
sponding response, therefore, diverges with the mean-field exponent
yue = 1. This divergence reflects the increasing sensitivity of
the natural period to changes in yN near the critical point,
as also shown in Figs. 6(a)-6(c). Along the critical isotherm
(xN = (xN)c), Fig. 7(d) gives k o< (1 — 7.)'/3, corresponding to the
critical-isotherm exponent dumr = 3. These scaling relations demon-
strate that the BCC-DP transition is consistent with the mean-field
universality class.
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FIG. 8. SCFT phase diagram of the A-g-B CSBCP melts in the 7—xyN plane
at fy = 0.52. The magenta solid circle represents the critical point at (7, yN) =
(0.134032,78.3835).

Figure 8 shows another phase diagram in the 7—yN plane at
fa = 0.52 with the BCC-DP critical point (shown in magenta). The
dashed line denotes the DP-BCC coexistence line. Both the coex-
istence line and the critical point lie within the thermodynamically
stable HCP region, indicating that the BCC-DP critical behavior is
hidden by the stable HCP phase.

IV. CONCLUSION

In summary, we have used SCFT to investigate the formation of
the DP network and the transition between the DP and BCC phases
in A-g-B CSBCP melts. We find that the A-g-B CSBCP melts can
form a thermodynamically stable DP network. The stability of the
DP phase arises primarily from the ability of the comb-shaped chain
architecture to adopt different conformations.

We further show that, unlike conventional OOTs, the DP-BCC
transition can be continuous. Both phases have the same Im3m space
group, and the DP network can be viewed as arising from the for-
mation of struts connecting nearest-neighbor spherical domains in
the BCC phase. As the A-B incompatibility increases, the shells
surrounding the spherical domains swell anisotropically and pro-
gressively connect to form a network, whereas the spherical cores
remain relatively unchanged. Whether the transition is continuous
or discontinuous depends on the chain-architecture parameter T.
At relatively large 7, the connectivity parameter A varies continu-
ously with yN. When 7 falls below a threshold value, however, the
connectivity parameter, the derivative of the free energy, and the
natural period all exhibit discontinuous jumps, indicating a first-
order transition. Thus, the DP-BCC transition behavior can be
controlled by varying the relative positions of the side chains along
the backbone. The first-order BCC-DP coexistence line terminates
ata critical point at (7., (YN).) = (0.134 032,78.3835). As this point
is approached, the difference between the natural period of the BCC
and DP phases vanishes. Beyond the critical point, only a single
Im3m state remains. The associated critical exponents are f§ = 1/2,
y =1, and § = 3, consistent with the scaling under the mean-field
limit.

This continuous transition pathway may provide a useful
strategy for designing nanonetwork materials with tunable con-
nectivity. For example, varying yN (i.e., temperature) could enable
isolated domains to progressively develop into interconnected

ARTICLE pubs.aip.org/aipl/jcp

channels. It also provides a mechanistic framework for understand-
ing topological defects in network structures.

SUPPLEMENTARY MATERIAL

The supplementary material includes the initial conditions for
solving the MDE to obtain the propagators (Table S1), DP mor-
phologies and volume-fraction profiles for the A-g-B CSBCP and AB
diblock copolymer (Figs. S1 and S2), vertex-density distributions for
the BCC and DP phases (Figs. S3 and S4), and the free-energy data
used to characterize the DP-BCC transition (Fig. S5).
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TAB S1: Propagators on the A-g-B CSBCP chain with their corresponding conjugate field type a
and initial conditions.

Alt text: The table lists 22 directed chain propagators, their A or B conjugate fields, and initial
conditions. Seven propagators starting at free ends have initial value one. The other initial values are
products of two incident propagators evaluated at contour endpoint s = 1, encoding the grafted chain
connectivity.

Propagator « Initial Condition
qo,1(r, s) A go,1(r,s=0)=1
ge,5(r, s) A g65(r,s=0)=1
gr,1(r,s) B g71(r,s=0)=1
gs,2(r, s) B gg2(r,s =0) =
g9,3(r, s) B g9,3(r,s =0) =
q10,4(r, s) B qi0,4(r,s =0) =1
q11,5(r, s) B qi1,5(r,s=0)=1
q1,2(r,s) A q1,2(r,s =0) = qo,1(r,s = 1)g7,1(r,s = 1)
g2,3(r, s) A g2,3(r,s =0) = q1,2(r,s = 1)gg 2(r,s = 1)
g3,4(r, s) A g3,4(r,s =0) = g2,3(r,s =1)g9,3(r,s = 1)
q4,5(r, s) A q4,5(r, s =0) = g3,4(r,s = 1)qio,a(r,s = 1)
g5,6(r, s) A ¢5,6(r,s=0) = qu5(r,s = Dqu1s(r,s =1)
g5,4(r, 5) A g5,4(r,s =0) = g6,5(r,s = 1)q11,5(r,s =1)
q4,3(r, 5) A q4,3(r,5 =0) = gs4(r, s = Dquoa(r,s = 1)
g3,2(r, s) A g3,2(r,s =0) = ga,3(r,s =1)g9,3(r,s = 1)
g2,1(r, s) A g2,1(r,s =0) = g32(r,s = 1)gg2(r,s = 1)
q1,0(r,s) A q1,0(r,s =0) =g¢2,1(r,s =1)gr,1(r,s = 1)
q1,7(r, s) B q1,7(r,s =0) =qo,1(r,s =1)g2,1(r,s = 1)
q2,5(r, s) B q2,8(r,8 =0) = q12(r,s = 1)g3 2(r,s = 1)
g3,9(r,s) B g3,9(r,s =0) =g2,3(r,s =1)qa,3(r,s =1)
q4,10(r, 8) B q4,10(r,8 =0) = g3,4(r,s = 1)g5,4(r,s = 1)
g5,11(r, 8) B ¢5,11(r,8 =0) = qa5(r,s = 1)ge,5(r,s = 1)
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(a)

FIG S1: Volume-fraction fields of the A-segment for the DP phase formed by the A-g-B CSBCP
at fa =0.5,7=0.16 xN =(a)75 and (b)120 and by (c) an AB diblock copolymer at f4 = 0.5 and
xN = 40.

Alt text: Three cutaway cubic views show A-segment volume fractions in double primitive networks.
Colors range from blue at 0.5 to red at one. Central circular regions on the exposed faces become strongly
A-rich as the graft copolymer x NV increases from 75 to 120, resembling the diblock copolymer at y N = 40.
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FIG S2: Volume-fraction profiles of the A- and B-segments, ¢,,(z/Ry,0,0), along the line connect-
ing neighboring nodal points in the DP phase formed by (a) an AB diblock copolymer at f4 = 0.5
and xN = 40 and (b) the A-g-B CSBCP at f4 = 0.5, 7 = 0.16, and xN = 120.

Alt text: Two line plots compare A- and B-segment volume fractions between neighboring network nodes.
In the diblock copolymer, A remains near one and B near zero along the entire line. The graft copolymer
shows a shallow A minimum and a complementary B maximum near z/Rg = 2.1; A still strongly
dominates.
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FIG S3: Density distributions, p¥(r), of vertices v = 0-11 for the BCC phase at xN = 72, f4 = 0.5,
and 7 = 0.16.

Alt text: Twelve heat maps show vertex densities in the body-centered cubic phase. Vertex 0
concentrates at the corners; vertices 1-6 show varying curved bands and central enrichment. Vertices 7-11
form broad diamond-shaped high-density bands around the center. Each panel has its own blue-to-red
scale, with red indicating higher density.
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FIG S4: Density distributions, p(r), of vertices v = 0-11 for the DP phase at YN = 73, fa = 0.5,
and 7 = 0.16.

Alt text: Twelve heat maps show vertex densities in the double primitive phase. Vertex 0 concentrates at
the corners. Vertices 2-6 have sharp central peaks surrounded by lower-density rings and outer bands.
Vertices 7-11 form rounded diamond-shaped high-density rings around low-density centers. Separate
blue-to-red scales indicate increasing density.
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FIG S5: (a) Dimensionless Helmholtz free-energy differences relative to the HCP phase, Sf. —
ﬁchCP, as functions of YN for the BCC and DP phases at 7 = 0.125. (b) First derivatives of
the dimensionless Helmholtz free energy per chain, 9(8f.)/0(xN), as functions of yN for various
values of 7 at f4 = 0.52.

Alt text: In (a), the double primitive free-energy difference relative to hexagonal close-packed spheres
decreases and crosses the nearly flat body-centered cubic curve; both differences remain positive. In (b),
the free-energy derivative decreases with y/N. Discontinuous drops at 7 = 0.125 and 0.128125 give way to
continuous curves at larger 7.



