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ABSTRACT: We investigate the influence of slide rings on the
stretching behavior of a single-chain polyrotaxane anchored by a fix
ring. The extension of the force side in our simulations is in line
with the previous theoretical framework. However, the end-to-end
distance on the free side shows a discrepancy. To address this, we
include the excluded-volume effect, successfully aligning with
theoretical predictions. We propose a comprehensive model that
incorporates excluded-volume effects for rings on both the free side
and the force side. The model demonstrates qualitative consistency
with simulation data, highlighting the competition among rings
from each side. The force-side rings exert a significant influence on
the extension of the force side, as derived from the excluded-volume
effects. These findings of greater force responsiveness of force-side rings have potential implications for the design of slide-ring gels.

■ INTRODUCTION
Mechanically interlocked polymers (MIPs) have recently
emerged as a novel class of polymer architecture featured
with mechanical bonds, which are formed between two or
more topological interlocking molecular components without
covalent bonds.1,2 Mechanically interlocked molecules (MIMs)
exhibit substantial conformational freedom while preserving a
persistent spatial association among their components. MIMs
have significantly contributed to the realm of molecular
switches and molecular machines, earning recognition through
the 2016 Nobel Prize in Chemistry.3−5 Nevertheless, the
impact of MIMs reaches far beyond this domain, with
extensive investigations ranging from drug delivery to
catalysis.6−10 The common MIP adopts the rotaxane
architecture, consisting of a ring (macrocycle) threaded onto
a dumbbell-like component. One well-known example of
polymeric analogy to this concept is main-chain polyrotaxane,
fabricated by threading cyclic molecules onto linear polymer
chains.11−13 Based on main-chain polyrotaxane, the slide-ring
materials (SRMs) can be synthesized through intermolecular
cross-linking of the cyclic molecules, which exhibits lower
Young’s modulus and much greater strain at break.14−17 These
characteristics have opened up exciting avenues for advanced
polymer research and applications.1,18 The concept of SRMs
was first introduced by Okumura and Ito.15,19,20 The term
slide-ring gels (SRGs), employed to describe these materials,
have also been synthesized from main-chain polyrotaxanes.
SRGs consist of three components: linear polymer poly-
(ethylene glycol)s (PEG), cyclic molecule cyclodextrin (CD),
and bulky end molecules adamantine. The most prevalent
configurations within these systems feature figure-of-eight
cross-links. Consequently, the resulting MIP networks possess

mobile junctions capable of sliding unrestricted along the
linear polymer backbone.
Over the past two decades, extensive research has been

conducted on the relationship between the architecture and
structural properties of topological SRGs.21−24 However, the
mechanical properties of SRGs continue to perplex researchers
due to the unusually weak dependence of modulus (E) on
cross-link density (ν). This dependence seems to follow a
scaling law of E ∼ ν0.2 or ν0.5, rather than the expected E ∼ ν1
seen in traditional fixed-cross-linked networks.16,21,25,26 Fur-
thermore, this dependence is occasionally nonmonotonic.21 In
1999, de Gennes proposed a theory suggesting that SRGs
should exhibit the same modulus at the swelling equilibrium.
At this point, the excess degrees of freedom provided by slide
cross-links would contribute to swelling the gel rather than
reducing the modulus during deformation.27 Nevertheless,
even in traditional networks with fixed cross-links, compre-
hending network elasticity remains challenging due to issues
like defects such as loops and dangling ends.28

Due to the complexity of the slide-ring gels, it might be
better to first investigate a single-chain polyrotaxane, with the
hope that a better understanding of single-chain behavior
would help to clarify the mechanical properties of SRGs.
Baulin et al. presented theoretical findings on sliding grafted
polymer layers without slide rings,29 whereas Pinson et al.
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introduced slide rings to the single-chain polyrotaxane and
observed a remarkable impact on the extension profile of the
model.30 The authors demonstrated that the translational
entropy of the slide rings can significantly modify the chain’s
response to small applied forces. Specifically, if the slide rings
are unevenly distributed, the chain can exhibit stiffness at low
force levels, and the polyrotaxane chain will stretch beyond a
yielding force that scales as (p/N)1/2 in a Θ-solvent. Here, p
represents the total number of slide rings far from the applied-
force terminal, and N is the length of the polyrotaxane chain.
Notably, the entropy of the chain becomes the dominant
factor, rendering the influence of the slide rings negligible
under these large forces.
Tendomers, consisting of pairs of cross-linked rotaxane

molecules connected by a slip link, have emerged as a
promising system for investigating their mechanical properties.
For example, Müller et al. reported the formation of a cluster of
tendomers by cross-linking the first slide rings of two rotaxanes
between two polymer backbones. To gain insight into the
fundamental physics of tendomers, they applied an external
force by pulling the two ends of chains adjacent to the slip link.
This action compressed the slide rings, impacting the elastic
properties of the tendomers. By employing an exact partition
function, they modeled the tendomer, accounting for the
repulsion between the slide rings and the finite extensibility of
the polymer chains. The authors discovered that tendomers
exhibit a jump-like mechanical response with a critical pulling
force of approximately (p/N)1/2 in a symmetric system.
Furthermore, these findings can be extended to asymmetric
tendomers with varying numbers of slide rings per rotaxane,
enabling the design of multistep force−extension profiles with
predetermined critical forces.31−33 However, in a real system,
two significant factors, which were either not considered or
only partially addressed in previous research, will become
crucial. Strain softening, as noted by Pinson et al., becomes
most pronounced at higher external applied forces, where the
excluded volume between the slide rings becomes relevant.30

Additionally, the finite extensibility of the polymer chains must
also be taken into account.
In this study, we begin by presenting an overview of the

current understanding of single-chain polyrotaxane. Subse-
quently, we conduct a comprehensive investigation into the
influence of finite extensibility and excluded volume within a
single-chain polyrotaxane model, primarily focusing on the
distribution of slide rings. To achieve this, we employed
coarse-grained molecular dynamics simulations. Our findings
demonstrate strong alignment with theoretical predictions,
even when considering finite extensibility under highly external
applied forces via the incorporation of Langevin function
corrections. Furthermore, we delve into the excluded-volume
effects between inter-rings, which have a notable impact on the
yielding force. Additionally, we identify a competition of rings
from both sides within this single-chain polyrotaxane model.

■ SIMULATION MODEL
In this study, we employed coarse-grained (CG) molecular
dynamics simulations of the Kremer−Grest model34 to
elucidate the mechanical response within a main-chain
polyrotaxane. Figure 1 illustrates the schematic representation
of the CG model for the single-chain polyrotaxane, which
consists of distinct components, namely, the free end, polymer
backbone, slide ring, fix ring, and force end. The polymer
backbone of the polyrotaxane chain was coarse-grained as a

linear bead−spring polymer chain with a chain length of N =
400. The slide ring was represented as a relatively rigid ring
composed of seven beads. The fix ring remained stationary and
functioned to separate the slide-ring components distributed in
space. The free end and force end were positioned at the two
termini of the linear polymer backbone to prevent the rings
from slipping out. External forces were exclusively applied to
the force end. The numbers of the free slide rings on the free
side and the force side are denoted by p and b, respectively.
We conducted CG molecular dynamics simulations employ-

ing an implicit solvent model within a NVT ensemble, utilizing
the GALAMOST package.35 The total potential energy of our
model encompasses both covalent and noncovalent inter-
actions, as well as a bending potential component, and can be
defined as follows:

E E E Etotal b nb bend= + + (1)

The covalent bond is described by the finitely extensible
nonlinear elastic (FENE) spring potential
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where the spring constant kb is set to 30.0 ε/σ2 and r is the
instantaneous bond length with its maximum bond extension
rmax = 1.5 σ.
The nonbonded interactions Enb are described by Weeks−

Chandler−Andersen (WCA) potential36
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where rij is the distance between one pair of monomers. The ε
and σ are energy and length scales, which are set to unity for
convenience. Specifically, by turning off the nonbonded
interactions among non-neighboring polymer backbone
beads, the simulated system is in a Θ-solvent condition
(Figure S1 in the Supporting Information). The free end and
force end are represented by a single bead of a larger radius.
The interaction between the end beads and the ring beads is
given by

Figure 1. Schematic illustration of a single-chain polyrotaxane model.
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where Δ = Ri + Rj − σ. Specifically, the radius of the end bead
is set as R = 1.5 σ and the radius of the ring bead is R = 0.5 σ.
In our simulations, the mass of one CG bead is denoted as m,
and we used standard reduced units with σ = ε = m = 1.0 and
time scale m( / )2 1/2= .

Ebend is solely employed for ring beads to preserve the shape
of the rings and is described as follows:

E k
1
2

( )bend ring ring
2=

(5)

where kring = 1000.0 ε/rad2 is the angle strength and θring = 5π/
7 is the equilibrium angle for three consecutive beads in one
ring. The choice of parameters ensures that the diameter of the
ring is large enough to enable unimpeded sliding along the
polymer backbone.37,38

The CG molecular dynamics simulations were conducted by
solving the Langevin equation:

m Er ri i i i
..

total= + (6)

This equation describes the motion of a particle with a mass m
in a system. It includes the following terms: ri

..
represents the

second derivative of the position vector ri with respect to time,
which is the particle’s acceleration; Ei total is the force acting
on the particle due to the gradient of the total energy Etotal;

ri represents the damping term, where γ is the friction
coefficient and ri is the velocity of the particle; ξi is the
stochastic force term, which is related to the friction coefficient
γ by the fluctuation−dissipation theorem ⟨ξi(t)ξj(t′)⟩ =
2kBTγδijδ(t − t′), where kB and T are the Boltzmann constant
and temperature of the system, respectively. In this study, we
set kBT = 1.0 ε. The friction coefficient used in this study was γ
= 0.5 m/τ. We conducted a prerelaxation process lasting for
104 τ, employing an integration time step of 0.005 τ. Following
this, a constant force was applied to the force terminal for a
duration of 5 × 105 τ, and measurements were performed.
(The time series of measured quantities can be found in Figure
S2.) We repeated this process to generate the extension−force
profiles. For each data point, three independent runs were
performed to obtain error bars.

■ THEORETICAL MODELS AND SIMULATION
RESULTS

In this section, we commence our exploration by examining a
simple model from Pinson et al. where p ≠ 0 , b = 0.30 To
discern the disparities with simulation results of the end-to-end
distance on the free side R( )l , we introduce the scenario of p ≠
0, b = 0 with the excluded-volume effect of p rings.
Subsequently, we delve into the examination of the case
where p ≠ 0, b ≠ 0. This scenario yields an anomalous
phenomenon in the extension of xN under the limit of small
applied force. Finally, we propose a comprehensive model of p

≠ 0, b ≠ 0 that incorporates excluded-volume effects for both p
and b rings.

p ≠ 0, b = 0 without Excluded Volume of Slide Rings.
Pinson’s Free Energy Model. We begin by considering the
simplified case where rings are exclusively present on the free
side (p ≠ 0, b = 0). Pinson et al. employed a physically simple
model30 to elucidate the required yielding force for stretching a
polyrotaxane chain from the force side. In this context, we
reproduce their derivation for completeness by using our
notation. Ignoring fluctuations, the free energy of a stretched
polyrotaxane chain can be expressed as

fx
k T x

na
k Tp N n

3
2

ln( )N
NB

2

2 B= +
(7)

The free energy comprises three components: The first term
represents the potential energy resulting from the applied
force, fxN. The second term corresponds to the entropic
stretching energy of the force side of the polyrotaxane chain
with rings (the subchain is assumed to be Gaussian and is
composed of n monomers, each with a size of a). The last term
arises from the entropy of the slide rings, which can be
expressed as kBTp ln[p/(N − n)] = kBTp ln p − kBTp ln(N −
n), with the constant term p ln p neglected.
The free energy depends on two variables: xN and n. We first

minimize the free energy with respect to xN
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We use the dimensionless variables with overbars:

x
x
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(9)
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The free energy becomes
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We then minimize eq 11 with respect to n
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The preceding equation cannot be equal to zero if f < f*.
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The most important conclusion from this simple model is the
existence of a yielding force f *. Only when the applied force is
greater than f *, the polyrotaxane chain started to be stretched.

Correction of average chain elongation by the Langevin
function. For small relative elongations, the relationship
between average extension and applied force follows Hooke’s
law x f( /3)N = . However, in the limit of large f,̅ the Gaussian
chain has to be replaced by the freely jointed chain (FJC) for
the finite extensibility of polymers by the Langevin function

f f f( ) coth( ) 1/= ,39 that is, f f3 ( )= should be
substituted in eqs 14 and 15 and thus obtaining the FJC-
correction data (eqs 16 and 17) in the limit of large force.
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Simulation Results. We now compare the simulation results
to the theoretical predictions. For clarify, we establish the
naming convention such as “p20b0”, indicating the case that
the free side has 20 slide rings and the force side has 0 slide
rings. First, Figure 2a illustrates the dimensionless extension
x x a( / )N N= of the force side as a function of the
dimensionless applied force f fa k T( / )B= for various values
of p (0, 10, 20, and 50), while keeping the number of rings b =
0 (depicted as dots). For the case of p = 0, the behavior closely
resembles that of an ideal chain, displaying entropic elasticity
and adhering to Hooke’s law at low applied forces. However, as
the number of slide rings increases (e.g., p = 10, 20, and 50), a
yielding force f( )* emerges. In a fashion analogous to osmotic
pressure, the monomers in this scenario play the role of a
solvent, while the p slide rings represent a region of higher
solute concentration. This configuration effectively hinders the
passage of monomers across the fix ring, maintaining an
osmotic balance until the externally applied force exceeds the

yielding force f f( )> * . These observations align with the
theoretical perspectives put forth by Pinson et al.,30 especially
in the regime of low applied forces (solid line in Figure 2a).
However, it is important to note that the Gaussian
approximation becomes less applicable at higher forces. In
such cases, the FJC model must be employed.31 To address
this, we adjusted the curves using the Langevin function
(dashed line in Figure 2a). In summary, our simulation results
for the dimensionless extension x( )N as a function of the
dimensionless applied force f( ) are in excellent agreement with
the theoretical predictions, both in the low-force regime and
even in the high-force limit when considering the finite
extensibility of the polymer chain.
We can further explore the mean response of the

polyrotaxane chain to the applied force f( ). When subjected
to an applied force, the mean number of monomers (n) on the
force side may deviate from the expression given in eq 14. In
this context, we present the plot of n as a function of f ̅ for
scenarios with different values of p (0, 10, 20, and 50) but no
slide rings (b = 0) in the force side, as shown in Figure 2b. It is
worth noting that the theoretical results have previously been
studied by Pinson et al.30 in their investigation of the
equilibrium properties of a single polyrotaxane with a series
of rings. Specifically, we employ the Langevin function to
account for the correction in the number of rings n. The
simulation results presented in Figure 2b (depicted as dots) for
these scenarios are consistent with their findings. The plot in
Figure 2b reveals that as f ̅ increases, the value of n also
increases for all scenarios. This behavior can be attributed to
the fact that the polyrotaxane becomes more extended under
higher applied forces. As expected, the values of n decrease
with an increasing number of p rings. This reduction is due to
the presence of p rings, leading to steric hindrance and a
reduction in the available space for the sliding motion of the
rings.
However, upon observing the end-to-end distance on the

free side (Rl in Figure 1) as a function of f,̅ we observe a
substantial inconsistency: the simulation results significantly
surpass the theoretical values when taking into consideration
that the chain on the free side is also modeled as a Gaussian
chain (solid line in Figure 2c) and corrected by the Langevin
function (dashed line in Figure 2c). In light of this, we
contemplate that the influence of excluded-volume effects of
the slide rings has a significant impact on Rl.

Figure 2. Theoretical predictions (solid line), FJC correction results (dashed line), and simulation results (dots) for a single-chain polyrotaxane
model in a Θ-solvent across various scenarios: (p0, p10, p20, p50)b0. (a) Dimensionless projection of the end-to-end distance in the direction of
the applied force (xN) as a function of the dimensionless applied force ( f)̅. (b) Number of monomers (n) on the force side as a function of f.̅ (c)
Dimensionless end-to-end distance R( )l on the free side as a function of f.̅ The solid line in (c) represents the expected behavior of the Gaussian
chain, specifically R N n a( )l

2 1/2 1/2 .
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p ≠ 0, b = 0 with Excluded Volume of Slide Rings.
Including Excluded Volume of p Rings. The standard theory
of excluded volume was introduced by Flory. In Flory theory,
N monomers of a polymer chain in a good solvent are assumed
to be uniformly distributed within a volume of R3 without
mutual correlations. The enthalpic contribution to the free
energy is given by Fint ≈ kBTvN2/R3, where v is the excluded
volume.39 The entropic contribution to the free energy is
estimated as the energy required to stretch an ideal chain to an
end-to-end distance of R, which is given by Fent ≈ kBTR2/
Nb2.39

Here we introduce the excluded-volume interaction among
rings but assume the backbone chain remains Gaussian. This is
done by adding two more terms to the free energy (eq 7).

fx
k T x

na
k Tp N n

k T R
N n a

k Tv a
p

R

3
2

ln( )

3
2 ( )

N
N

l

l

B
2

2 B

B
2

2 B
3

2

3

= +

+ +
(18)

The second last term is the entropic free energy of the chain on
the free side: The end-to-end distance between the free end
and the fix ring is Rl, and there are N − n monomers. The last
term is the excluded-volume interaction of p rings, assuming
the excluded volume of one ring is v a3.
The free energy now depends on three variables: xN, n, and

Rl. Minimizing the free energy (18) with respect to xN leads to
the same equation as before.
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Minimizing the free energy (18) with respect to Rl gives

R
R
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N n p v
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The free energy becomes
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We then minimize the above free energy with respect to n
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8/5 4/5 2/5= + +

(22)

The preceding equation cannot be equal to zero if f < f*
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6 9
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6 9B
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From eq 23, we can infer that the yielding force of f *
incorporates the term of excluded volume, given by

p v N9 /4/5 2/5 8/5, when compared to eq 13 of Pinson et al.’s
results.
The chain will take the following state:

n x R N p v0, 0,N l
1/5 4/5 2/5= = = (24)

If the external force is large, f f> *, we need to solve the
equation for n by the numerical method

f p
N n

p

N n
v

6
3
2 ( )

0
2 4/5

8/5
2/5+ + =

(25)

Notably, eq 25 can be regarded as f ̅ as a function of n, where
the monomer n is specified as 0 to N = 400, and the solution
for f ̅ can be obtained. Subsequently, xN and Rl, as defined by
eqs 19 and 20, can be sequentially solved.

Simulation Results. Figure 3a illustrates the excluded-
volume versions of theoretical predictions (solid line) and
simulation results (dots) for a single-chain polyrotaxane model
in a Θ-solvent under various scenarios: (p10, p20, and p50)b0.
It is evident from Figure 3a and Figure 3b that the extension
x( )N and the average number of monomers (n) on the free side
closely align with the theoretical results.
Notably, Figure 3c showcases a remarkable concurrence of

Rl versus f ̅ when we account for the excluded volume of p
rings. Specifically, we consider an excluded volume of
approximately v̅ ≈ 17.7, which corresponds to seven-
membered rings as depicted in Figure 1. In this context, the
7-membered rings are treated as a collective unit, and their
excluded volume is computed based on the assumption that
the space they occupy closely resembles a sphere with a radius
of approximately 1.62 σ in our simulation model. The
estimated excluded volume for this unit is approximately

Figure 3. Excluded-volume version of theoretical predictions (solid line) and simulation results (dots) for a single-chain polyrotaxane model in a
Θ-solvent across various scenarios: (p10, p20, and p50)b0. (a) Dimensionless projection of the end-to-end distance in the direction of the applied
force (xN) as a function of the dimensionless applied force ( f)̅. (b) Number of monomers (n) on the force side as a function of f ̅ . (c)
Dimensionless end-to-end distance R( )l on the free side as a function of f ̅ . The solid line in (c) represents values derived from the equation
R N n p v( )l

1/5 2/5 1/5= as given in eq 20, with v̅ ≈ 17.7.
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v a R4/3 17.73 3 3= . (The detailed calculation can be
found in Figure S3.)
p ≠ 0, b ≠ 0 without Excluded Volume of Slide Rings.

b Rings in Simple Model. In this subsection, we aim to
introduce b rings, which are interlocked between the fix ring
and the force end (Figure 1). Moreover, we consider the
entropic stretching energy of the subchain containing b rings as
a Gaussian subchain within this simplified model. As a
consequence, eq 7 of ideal free energy should be rewritten as

fx
k T x

na
k T p N n b n

3
2

ln( ) lnN
NB

2

2 B= + [ + ]

(26)

The minimization of xN, the extension of the force side
subchain, or x/ 0N = , yields an equilibrium extension

x
x
a

n fa
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x n f0
3

,
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B
= = =

i
k
jjjjj
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and a free energy of

na f
k T

k T p N n b n
6

ln( ) ln
2 2

B
B= [ + ]

(28)

We now minimize this over the number of monomers (n) in
the stretched ringless subchain of the force side. It diverges
when n → 0, and the applied force can be obtained:

f
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N n
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N n
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Equation 29 indicates that the applied force is influenced by
the presence of p and b rings, with p rings enhancing the force
and b rings suppressing it. When p/(N − n) = b/n, the applied
force f( ) is zero, which means that the subchain of force side
can be effectively stretched by an arbitrary applied force.
Simulation Results. As depicted in Figure 4a, we present a

comparative analysis of theoretical predictions (solid line) and
simulation results (dots) for a single-chain polyrotaxane model
in a Θ-solvent with varying p = b values, specifically 10, 20, and
50. The simulation results reveal outcomes that contradict the
theoretical predictions. At low force limits, as the value of p = b
increases, the extension xN in the simulation results remains
significantly higher, in stark contrast to the lower values
suggested by theoretical predictions. Nevertheless, this
observation does not find support in the results presented in

Figure 4b, where it becomes evident that the slide rings
consistently exhibit lower values of n as the parameter p = b
increases. Upon examining the end-to-end distance on the free
side (Rl in Figure 4c) as a function of f,̅ we also note the same
inconsistencies as observed in Figure 2c, where the prediction
from the Gaussian chain underestimated Rl. This discrepancy
is likely attributed to the excluded-volume effects of the slide
rings. Here we presented results for symmetric distribution of
rings (p = b). For the case of asymmetric distribution (p ≠ b),
a similar conclusion can be made (Figures S4 and S5).

p ≠ 0, b ≠ 0 with Excluded Volume of Slide Rings.
Including Excluded Volume of Both p and b Rings. Now, we
consider introducing the excluded-volume effects of the p and
b slide rings. The state of the polyrotaxane chain is
characterized by four variables: n, which represents the
number of monomers on the force side; xN, which signifies
the x-axis distance from the force end to the fix ring; yN,
representing the distance perpendicular to the x-axis; and Rl,
denoting the distance from the free end to the fix ring. The
subchain on the force side resembles a prolate spheroid with its
long axis on the x-direction.
The free energy of the system is expressed as follows:
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(30)

Minimizing this free energy with respect to Rl

R
R
a

N n p v

R N n p v

0 ( ) ,

( )
l

l

l

1/5 2/5 1/5

1/5 2/5 1/5

= =

= (31)

The first two terms in the second line of free energy (30)
becomes

k T N n p v
5
2

( )B
3/5 4/5 2/5

(32)

Minimizing this free energy with respect to yN and xN

Figure 4. Theoretical predictions (solid line) and simulation results (dots) for a single-chain polyrotaxane model in a Θ-solvent when p = b for 10,
20, and 50. (a) Dimensionless projection of the end-to-end distance in the direction of the applied force x( )N as a function of the dimensionless
applied force f( ). (b) Number of monomers (n) on the force side as a function of f ̅ . (c) Dimensionless end-to-end distance R( )l on the free side as
a function of f ̅ . The solid line in (c) represents the expected behavior of the Gaussian chain, specifically R N n a( )l

2 1/2 1/2 .
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Substituting eq 33 into the free energy (eq 30), the third and
fourth terms in the first line of the free energy (eq 30) become

k T v x n b2 3 /( )NB
1/2[ ] (35)

Finally, the free energy (eq 30) can be rewritten as
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Equation 36 represents the free energy as a function of xN
and n. By substituting eq 34 into eq 36, one can derive as a
function of n alone for a specific value of f, p, and b. Here, we
employ the numerical method of Sequential Least Squares
Programming (SLSQP) from the SciPy package to minimize
the free energy of eq 36. The value of n is a constraint between
0 and N = 400. The initial values of xN and n were set to 100
and 350.
Simulation Results. Similarly, we present curves represent-

ing the dependencies of xN , n, and Rl on f.̅ From Figure 5a, it is
evident that we qualitatively capture the relationship between
xN and f ̅when considering the excluded-volume effects of the p
and b slide rings, as compared to Figure 4a where the excluded
volume of the p and b slide rings was neglected. The excluded-
volume version of this model exhibits trends consistent with
the simulation data. Despite some discrepancies in numerical
values, this could be attributed to our representation of the
excluded volume for all rings as a unified expression (
k Tv a Rrings /B

3 2 3, where rings represents the total number of
rings in the polyrotaxane), while neglecting the repulsive
interactions between the rings and the chain. Furthermore, as

observed in Figure 5c, the simulation results for Rl are in close
agreement with the theoretical predictions. This indicates a
certain degree of accuracy in the excluded-volume model.
Furthermore, good agreement between the simulation and
theory is also found for asymmetric distribution of rings
(Figures S6 and S7). We also studied slide rings of different
radius, and the results can also be found in Figure S8.
In more detail, we plot the xN vs f ̅ when p = 0 but b ≠ 0

(Figure 6). Under low applied forces, the extension x( )N

increases with the growing value of b rings. While as previously
discussed (eq 23), when p ≠ 0 but b = 0, a yielding force is
obtained. In the limit of small applied force, specifically below
the yielding force, the p rings prevent the monomers on the
free side from moving to the force side. In contrast, the b rings
enhance the mobility of monomers from the free side to the
force side, and in this competition, the b rings have a slight
advantage. This competition between the b rings and p rings is
the underlying reason for the higher simulation values of xN
observed in Figure 5a compared to the theoretical predictions.

■ CONCLUSIONS
In this paper, we examined the stretching behavior of a single-
chain polyrotaxane, comprising slide rings and a single fix ring.
The slide rings exhibit significant translational entropy,
confined along one dimension of the polymer chain, with

Figure 5. Theoretical predictions (solid line) with the excluded-volume effects of both p and b rings, and simulation results (dots) are presented for
a single-chain polyrotaxane model in a Θ-solvent with p = b values of 10, 20, and 50. (a) Dimensionless projection of the end-to-end distance in the
direction of the applied force x( )N as a function of the dimensionless applied force f( ). (b) Number of monomers (n) on the force side as a
function of f ̅ . (c) Dimensionless end-to-end distance R( )l on the free side as a function of f.̅ The solid line in (c) represents values derived from the
equation R N n p v( )l

1/5 2/5 1/5= as given in eq 31, with v̅ ≈ 17.7.

Figure 6. Dimensionless projection of the end-to-end distance in the
direction of the applied force x( )N as a function of the dimensionless
applied force f( ). Theoretical predictions (solid line) take into
account the excluded-volume effects of both p and b rings, and
simulation results (dots) are presented for a single-chain polyrotaxane
model in a Θ-solvent with p = 0 but b values of 10, 20, and 50.
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their entropy being influenced by the presence of the fix ring.
We begin by providing a review of prior research and
subsequently introduce the impact of the excluded-volume
effects of rings within the single-chain polyrotaxane model.
Concurrently, we utilized coarse-grained (CG) molecular
dynamics simulations to elucidate the mechanical response
within the single-chain polyrotaxane.
Our simulation results consistently align with the theoretical

predictions of previous research, even when accounting for
finite extensibility under high applied forces f( ) by integrating
Langevin function corrections. However, the end-to-end
distance of the free side R( )l could not be determined within
the framework of this simplified single-chain polyrotaxane
model. To address this limitation, we introduced the excluded-
volume term of p inter-rings in the scenario where p ≠ 0 but b
= 0, enabling us to accurately establish the relationship
between Rl and f.̅
Furthermore, when considering the introduction of b rings

on the force side, without accounting for the excluded-volume
effects of the rings, we could not establish the correct
relationship between the extension x( )N on the force side
and the applied force f( ). Finally, we extended our exploration
to a comprehensive version of the single-chain polyrotaxane
model, which included the excluded-volume effects of both p
and b rings on the free side and force side, respectively. The
excluded-volume version of this single-chain polyrotaxane
model exhibits trends that are qualitatively consistent with the
simulation data, revealing a competition among rings on two
sides of the polyrotaxane model. In conclusion, our findings
suggest that the rings on the force side have a more significant
impact on xN than the rings on the free side due to the
influence of the excluded-volume effects. This implies that the
responsiveness of the b rings on the force side is greater than
that of the p rings on the free side under low applied forces.
These findings could contribute to an enhanced understanding
of the mechanical properties when designing slide-ring gels.
For instance, in the case of incompletely cross-linked slide-ring
gels, it is anticipated that the extension of xN will increase with
an increase in the number of p and b rings under small applied
force. In detail, one can derive the end-to-end distance of free
side Rl if the subchain of the gel is regarded as a single-chain
polyrotaxane.
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According to Figure S3, the radius of rings (R) was calculated using the average bond

length (r). Therefore, the excluded volume v̄ can be calculated as v̄a3 = 4πR3/3. In our

simulation, the average bond length is r = 0.97σ, which yields R ≈ 1.62σ. Therefore, the

excluded volume v̄ could be estimated as v̄ ≈ 17.7.
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Figure S3: Left: The derivation of the approximate radius of rings. Right: The average
bond length of “p20b20” scenario under the applied force of f̄ = 2.0.
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Figures S4 and S5 show the simulation results for asymmetric distributions, and the

comparison with the theory in section “p ̸= 0, b ̸= 0 without excluded volume of slide rings”.
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Figure S4: Theoretical predictions (solid line) without the excluded volume effects of both p
and b rings, and simulation results (dots) are presented for a single-chain polyrotaxane model
in a Θ solvent when p = 20 and b = 10, 20, 50. (a) Dimensionless projection of the end-to-end
distance in the direction of the applied force (x̄N) as a function of the dimensionless applied
force (f̄). (b) Number of monomers (n) on the force side as a function of f̄ . (c) Dimensionless
end-to-end distance (R̄l) on the free side as a function of f̄ . The solid line in (c) represents

the expected behavior of the Gaussian chain, specifically ⟨R̄2
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Figure S5: Theoretical predictions (solid line) without the excluded volume effects of both p
and b rings, and simulation results (dots) are presented for a single-chain polyrotaxane model
in a Θ solvent when b = 20 and p = 10, 20, 50. (a) Dimensionless projection of the end-to-end
distance in the direction of the applied force (x̄N) as a function of the dimensionless applied
force (f̄). (b) Number of monomers (n) on the force side as a function of f̄ . (c) Dimensionless
end-to-end distance (R̄l) on the free side as a function of f̄ . The solid line in (c) represents

the expected behavior of the Gaussian chain, specifically ⟨R̄2
l ⟩1/2 ∼ (N − n)1/2a.
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Figures S6 and S7 show the simulation results for asymmetric distributions, and the

comparison with the theory in section “p ̸= 0, b ̸= 0 with excluded volume of slide rings”.
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Rl= (N− n)1/5p2/5v1/5

Figure S6: Theoretical predictions (solid line) with the excluded volume effects of both p
and b rings, and simulation results (dots) are presented for a single-chain polyrotaxane model
in a Θ solvent when p = 20 and b = 10, 20, 50. (a) Dimensionless projection of the end-
to-end distance in the direction of the applied force (x̄N) as a function of the dimensionless
applied force (f̄). (b) Number of monomers (n) on the force side as a function of f̄ . (c)
Dimensionless end-to-end distance (R̄l) on the free side as a function of f̄ . The solid line in
(c) represents values derived from the equation R̄l = (N −n)1/5p2/5v̄1/5 as given in Eq. (31),
with v̄ ≈ 17.7.
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Figure S7: Theoretical predictions (solid line) with the excluded volume effects of both p
and b rings, and simulation results (dots) are presented for a single-chain polyrotaxane model
in a Θ solvent when b = 20 and p = 10, 20, 50. (a) Dimensionless projection of the end-
to-end distance in the direction of the applied force (x̄N) as a function of the dimensionless
applied force (f̄). (b) Number of monomers (n) on the force side as a function of f̄ . (c)
Dimensionless end-to-end distance (R̄l) on the free side as a function of f̄ . The solid line in
(c) represents values derived from the equation R̄l = (N −n)1/5p2/5v̄1/5 as given in Eq. (31),
with v̄ ≈ 17.7.
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Figure S8: Theoretical predictions for different ring radius (solid line), and simulation
results (dots) for a single-chain polyrotaxane model in a Θ-solvent for p20b20. (a) Dimen-
sionless projection of the end-to-end distance in the direction of the applied force (x̄N) as a
function of the dimensionless applied force (f̄). (b) Number of monomers (n) on the force
side as a function of f̄ . (c) Dimensionless end-to-end distance (R̄l) on the free side as a
function of f̄ .
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