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ABSTRACT: Regulating the position and sliding dynamics of
rings on the polyrotaxane (PR) backbone plays a crucial role in
determining the properties and/or functions of PR and PR-based
soft materials. In this work, we use molecular dynamics simulations
to reveal that the features of localization and sliding dynamics of
rings on a PR modeled by a rod−coil−rod triblock copolymer are
regulated by the entropy effect of the coil block. The distribution
of the rings along the rod−coil−rod PR backbone is found to be
highly heterogeneous and can be described by a two-state model
characterized by a (free) energy gap, ΔE, which depends on the three characteristic parameters of the PR system, ΔE = ΔE(α, μ,
ρring), where α is the ratio of the rod to the coil strand length, μ is a quantity of measuring the stretching degree of the coil block, and
ρring is the overall ring coverage along the PR backbone. A theoretical model is proposed to describe the origin of this universality,
the prediction of which is quantitatively consistent with simulation results for the single-ring rod−coil−rod PR system. The existence
of an energy gap also gives a model for the dynamics of ring sliding along the PR backbone.

1. INTRODUCTION
Topological constraint is one of the most fundamental and
important concepts in polymer physics, which plays a crucial
role in determining the properties of polymers in many
situations.1−5 During the past decade, mechanically interlocked
polymers (MIPs),6−11 which are formed based on topological
bonds, have been attracting much attention from polymer
scientists, with polyrotaxane (PR)7−10 and polycatenane6,11

being two typical representatives. MIPs are common in nature;
e.g., many protein catenanes12−20 and DNA catenanes21,22

have been found in living systems. Furthermore, MIPs have
also been successfully synthesized in laboratory during the past
decade.23−33 The most distinguished features of MIPs lie in
their unique modes of chain dynamics, including ring sliding,
rotation, twisting, etc., which provide additional resources of
conformational entropy and thus bring about many useful
properties, such as thermodynamic stability,34,35 mechanical
adaptability,36,37 dynamic stability,38−40 and stretchability.41,42

Consequently, MIPs serve as promising candidates for
functional materials with potential applications in various
technologies, including molecular switches, molecular ma-
chines,43−47 drug delivery, and catalysis.48−50

As one important class of MIPs, PR is a topologically
complex polymer made of a backbone chain threaded with ring
molecules.51 Previous studies have revealed that the location of
the ring molecules on the backbone of PR is one of the key
regulators for the ultimate function and properties of materials
made of PR and PR derivatives.45 Therefore, exploring and
understanding principles governing the spatial arrangement of
ring molecules along the PR backbone is key to the rational

design of functional PR materials. One strategy to regulate ring
location on the polymer is to use block copolymer as the PR
backbone.36,37,52−54 Localization of the rings could be induced
by the selectivity of different blocks.55 As an example, Ito and
co-workers utilized a poly(ethylene oxide)-b-poly(propylene
oxide)-b-poly(ethylene oxide) (PEO−PPO−PEO) triblock
copolymer as the backbone to confine β-cyclodextrins (CDs)
on the PPO block56 and showed that the mechanical
properties of the materials obtained from such system can be
tuned by the positions of CD rings on the linear backbone. It is
also observed that locational transition of the rings on the
backbone chain could occur in PRs with block copolymers as
their backbone.57 In systems of the PR synthesized by Yui et
al.,58 the rings could be located at the ring-attractive block at
low temperature and distributed randomly along the whole PR
backbone chain at high temperature.53 Introducing a
coordination bond between the ring and the backbone of the
PR59−61 is another strategy for controlling the location of rings
on the PR backbone. The rings will be located at certain
positions along the backbone due to the coordination bonds,
which prevent the dissociation of the rings from the PR. In
addition, it is also possible to introduce bulky stoppers at
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different positions on the backbone, thus confining the rings
within a certain range of the backbone.62 Moreover,
introducing covalent linkages between rotaxane backbone
and ring molecules provides an alternative strategy to fix the
rings on the PR.63,64 We stress that the above-mentioned cases
for controlling the ring location on PR all rely on regulating the
interactions between the rings and the PR backbone.

In addition to the localization of rings, ring dynamics (e.g.,
sliding, hopping, etc.) along the PR backbone is also crucial for
determining the physical properties of PR materials. For the
PR and PR-based materials, it is the ring sliding along the PR
backbone, due to the interlocked architecture of PR, that
induces distinguishing properties. For instance, ring mobility
has been revealed to act as a key regulator of structural
formation and phase transitions of PR systems, such as
melting, crystallization, etc., and thus of their mechanical
properties.11 Moreover, it is found that ring mobility in PR can
also enhance the molecular recognition of ligand−receptor
interactions, which is useful in many biological processes.65,66

With PR as the precursor, slide-ring materials (SRMs) form a
new kind of polymer network. Many studies of SRMs have
revealed that the sliding dynamics of rings in PR also plays a
crucial role in the mechanical property of SRMs.36,67 For
example, by using the α-CD threaded PR as the precursors,
Okumura and Ito cross-linked the rings to prepare the typical
SRMs68 and concluded that the relative sliding motion
between the cross-linked rings and the polymer backbone
effectively reduced the Young’s moduli and yielded the softness
of the material. Furthermore, the mobility of cross-links in
SRMs naturally eliminates the problem of stress concentration
existing in covalently cross-linked networks and imbues them
with an enhanced toughness.

Considering the central role of ring location and dynamics
along PR backbones in determining the properties/functions of
PR or PR derivatives,69,70 a rational design of advanced PR-
based soft materials will benefit from different strategies for
controlling the ring positions and sliding dynamics on PR. In
this study, we propose an entropy-based approach to the
regulation of ring location and sliding dynamics along the PR
with a rod−coil−rod triblock copolymer as the backbone.
Notably, this model of rod−coil−rod polymer backbone could
be realized experimentally by synthetic rod−coil−rod block
copolymers, where the rod strands are either conjugated
polymers71 or aromatic rod molecules.72 For instance, PRs (or
polypseudorotaxanes) with conjugated backbones have been
successfully formed from a polyfluorene-alt-biphenylene
conjugated polymer threaded by β-cyclodextrin macrocycles,73

and through the threading of cucurbit[n]urils (CB[n]) onto
the positively charged poly(pyridyl vinylene).74 In general, the
localization and dynamics of the rings along the PR backbone
should be determined by both the stiffness (i.e., rod−coil) of
the polymer backbone and the interaction energy due to the
chemical details of the polymer backbone and the threaded
ring molecules. However, decoupling of these two different
effects and thus understanding their own roles in affecting the
location and dynamics of the rings along the PR backbone
remain unreachable in experiments. On the other hand, this
could be realized within the in silico study, where those above-
mentioned effects could be simply decoupled through a
suitable model construction. In this work, we aim to explore
the role played by the chain stiffness of the PR backbone by
purposely eliminating energetic differences between the
molecular building blocks in controlling the ring location and

dynamics along the PR backbone. We demonstrate that the
rings prefer to be located at the rod block regions due to an
entropic decrease of the coil block when they are located at the
coil one. The feature of ring localization is well described by a
two-state model characterized by a (free) energy gap. It is
discovered that the energy difference is independent of the
chain length of the backbone. Instead, it depends only on three
characteristic parameters of the system. A theoretical model is
proposed to understand this universality for a rod−coil−rod
PR with a single ring. The existence of the energy gap also
leads to a distinct feature of ring sliding along the PR
backbone, i.e., hopping of rings from the rod block to the coil
strand with the hopping time determined by the energy gap.
This study provides a new method for controlling the location
of threaded rings on PR and sheds light on understanding
sliding dynamics of the rings in PR, and therefore, it could be
useful for a rational design of PR or PR-based functional soft
materials in experiments.

2. MODEL AND SIMULATION DETAILS
As depicted in Figure 1a, the PR system under study is
composed of nring rings (yellow) threaded through a linear
polymer backbone made of two rods (green lines) of Nr
monomers and a coil (red line) strand with Nf monomers.
Thus, N = 2Nr + Nf denotes the total chain length of the
backbone of PR. The two side rods in the backbone are
blocked by two end-capping nanoparticles75 (NPs, large blue
beads) to prevent the escape of rings from the backbone. Each
ring is composed of Nring connected coarse-grained beads,
whose rigidity is maintained by imposing a strong bending
potential on the three adjacent bonded beads. Thus, the value
of Nring could also be used to reflect the inherent size of ring. In
this study, we set Nring = 8 for most of the cases. Notably, for
simply studying the sliding of ring from the rod block to the
coil strand, as well as its localization on the backbone in
equilibrium, the positions of the rod blocks and two end-
capping NPs are fixed during the simulation. In the initial
configuration, nring individual rings are regularly arranged and
threaded along the backbone polymer with suitable equivalent
spacing. Once the simulation is started, all of the rings may
slide along the PR following a Brownian motion. After a
sufficiently long time, equilibrated distributions of rings on the
polymer backbone can be achieved.

We employ the canonical ensemble coarse-grained MD
simulations of the Kremer−Grest76 model, which is a widely
used generic model for studying conformational dynamics and
rheological properties of polymers with topological con-
straints,42 to describe motions of both the backbone polymer
(more accurately, only the coil strand) and the rings on it. A
truncated-shifted Lennard-Jones potential (also known as the
Weeks−Chandler−Anderson, i.e., WCA potential77) is used to
characterize the nonbonded interactions between any two
coarse-grained beads in which the potential vanishes at the
cutoff radius (rc = 21/6σ) so that only repulsive part is left, i.e.,

=U r U r U r( ) ( ) ( )LJ LJ c (1)

with
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(2)

where ε is the potential well depth (i.e., the strength of
interaction), σ is the length unit, and rc is the cutoff radius
which is set as rc = 21/6σ. For simplicity, we define the units in

the simulations by setting ε = σ = m = 1.0. The value rEV is the
size of the bead reflected by the volume exclusion between
different interaction sites. Thus, for the interaction between the
beads on the ring and those on the backbone polymer, we set
rEV = rb = 1.0σ with rb representing the size of these common
beads. As compared, for the end-capped NP in PR, for
avoiding the rings to move out from the axial polymer, its size
is set to obviously larger than 1.0σ, which should be
comparable to the diameter of the ring. For example, for the
ring composed of 8 coarse-grained beads (Nring = 8), we can
roughly evaluate its size as D0 = Nringl0/π = 2.4σ. Here, l0 =
0.97σ is the mean value of bond length on the ring. Thus, the
size of the NP is set as dNP = D0 to block the ring.

Bonded interactions between adjacent beads on the polymer
backbone and the rings are characterized by a finitely
extensible nonlinear elastic (FENE) spring potential76

=U kR
r
R

1
2

ln 1FENE 0
2

2

0
2

i
k
jjjjj

y
{
zzzzz (3)

where k = 30ε/σ2 and R0 = 1.5σ for all the bonds without the
end-capped NPs. Under this set of parameters, the mean value
of bond length could be kept as l0 = 0.97σ as aforementioned
according to previous literature.76 However, for the bond
between the end-capped NP and the first bead on the axial
polymer on both sides of the PR, for avoiding the crossing of
bonds between this bond and those ones on the ring, and the
further slipping out of the ring from the PR backbone, a
different set of parameters should be utilized. Practically, we
find k = 30ε/σ2 and R0 = 2.2σ are safe enough to restrict its
maximum stretching to make sure that the rings with size Nring
= 8 are not able to slip out from the polymer backbone.

To ensure a circle shape of the ring, the conventional
harmonic bond angle potential78,79 is imposed among the
neighboring three beads in the ring to maintain the rigidity of
the ring:

=U k
1
2

( )angle bend 0
2

(4)

where kbend is the bending force constant set here as 350 ε and
θ is the instantaneous angle between three connecting beads,
and θ0 is the equilibrium bond angle, which is set as 180° for
all the bond angles in ring.

All simulations are performed by using the GALAMOST
simulation package.80 With the defined energy scale ε, the
length scale σ and the bead mass m, the canonical ensemble
MD simulations are performed with time step dt = 0.005σ(m/
ε)1/2 and temperature T = ε/kB with kB as the Boltzmann
constant. A short simulation of 5 × 105 time steps is first
conducted to relax the system to eliminate the influence of the
initial configuration. Following up is another simulation with at
least 5 × 108 time steps to collect the data. All simulation data
are obtained as the mean of 9−16 parallel samples by
simultaneously generating these numbers of individual PRs
regularly arranged in one simulation box, where a large
distance between adjacent fixed PRs is set to avoid any possible
interaction between them all through the simulation.

The model system can be characterized by three parameters,
α, ρring, and μ (see the definitions in Figure 1a). Here, α = 2Nr/
Nf is the length ratio of rod block to the coil, ρring = nring/N is
the ring coverage, or the number density of rings on PR
backbone. Finally, the relative extension of the flexible coil
strand is quantified by μ = Ree/Rmax, where Ree is root of mean-

Figure 1. (a) Schematic illustration of the rod−coil−rod PR model
and the three parameters μ, α, and ρring characterizing its feature.
Notably, the rod blocks (green) and end-capping NPs (blue) are all
fixed during the simulation. (b) Time sequence of ring position on the
rod block (State 0) or on the coil strand (State 1) for the single ring-
threaded PR system (red plot). The probabilities (the blue columns)
of the ring in these two states, Pcoil and Prod, are plotted. (c) The
upper figure gives the probability distribution of a ring located at the i-
th segment of the PR backbone, pi, in the system with Nr = 20, Nf =
30, μ = 0.3, nring = 1. Clearly, pi remains constant for the ring staying
at either the rod or the coil strand. The bottom figure shows the
corresponding energy of the ring located at the i-th segment of the PR
backbone, Ei/kBT = −ln pi + const. (note that the constant is chosen
here such that Erod/kBT = 0). The result indicates that the two energy
levels are degenerated essentially in which the degrees of degeneracy
for states 0 and 1 are 2Nr and Nf, respectively, i.e., Prod ≈ 2Nrprod, Pcoil
≈ Nfpcoil, with prod and pcoil denoting the probabilities of the ring
staying at any segment belonging to the rod and coil strands. Then,
the energy gap between the two states of the ring can be obtained
through them, i.e., ΔE/kBT � (Ecoil − Erod)/kBT = −ln[pcoil/prod].
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squared end-to-end distance of the coil chain and Rmax denotes
its contour length, i.e., Rmax = Nfb with b representing the mean
value of bond length in the Kremer−Grest76 model.

3. RESULTS AND DISCUSSION
3.1. Heterogeneous Distribution of Rings along the

PR Backbone. We first perform MD simulations of the rod−
coil−rod PR with one ring to demonstrate its arrangement on
the rod−coil−rod PR. The time evolution of the ring position
for this simple PR system is shown in Figure 1b, from which
the probability of ring location along the PR backbone can be
extracted (shown in Figure 1b). The probability data clearly
show that the ring prefers to locate on the rod blocks. Based on
the ring location along the backbone, the current rod−coil−
rod PR system could be regarded as a two-state system.
Notably, the two-states model81−84 has been successfully
employed on explaining a wide range of physical phenomena at
a basic level.83,84 The key point is that there are two different
states for the position of the ring, and the two states apparently
have different (free) energy levels. At any specific time, the ring
exclusively stays on either the rod strand or the coil one in
which the two states have different energy levels. The ring
switches dynamically between the two discrete states
corresponding to its location. If we simply define the state of
ring staying on the rod strand as 0, and that on the coil strand
as 1, Figure 1b gives clear evidence that the current system is
indeed a typical two-states system. Furthermore, our MD
simulations reveal that the probability of finding the ring
located at any segment of the coil and rod strand along the
linear axis, which are denoted by pcoil and prod, remains
constant (see data shown in Figure 1c), essentially indicating
the two energy states are degenerated, and the degrees of
degeneracy of the state 0 and 1 are 2Nr and Nf, respectively. In
other words, the probabilities of the ring staying at the coil and
the rod strands can be given by Pcoil ≈ Nfpcoil and Prod ≈
2Nrprod. Here, the (free) energy gap of the two states, ΔE/kBT,
is defined as

=E
k T

E E
k T

p

p
ln

B

coil rod

B

coil

rod (5)

where kB is the Boltzmann constant and T is the temperature.
We have carried out a large number of MD simulations for a

wide range of system parameters (whose detailed information
is given in the Supporting Information) to explore factors
determining the energy gap between the two states. Our results
revealed that the value of the energy gap, ΔE, is independent of
the PR backbone chain length N. Rather, the energy gap is
found to be a function of the three characteristic parameters of
the system: the ratio of rod to coil length α, the relative
extension of the coil strand μ = Ree/Rmax, and the ring density
ρring, i.e., ΔE = ΔE(α, μ, ρring). This conclusion is well
supported by simulation results shown in Figure 2, which
provides a collection of ΔE as a function of α, μ, and ρring with
different PR backbone chain length N (N = 480, 600, 720). As
clearly shown in Figure 2, as long as these three parameters are
the same, the dependence of ΔE on α, μ, or ρring could
perfectly collapse for systems with varying N. Notably, for the
systems under study in this work, we find this quantitative
dependence of ΔE on the three characteristic parameters is
roughly valid in all of the parameter space considered. From
the results shown in Figure 2 (especially Figure 2a,b), one can
notice a quantitative trend of the energy gap of the two states

of rings ΔE/kBT with respect to its three controlling
parameters (α, μ, ρring) that ΔE/kBT becomes more and
more independent of the value of the ratio of rod to coil length
α, ΔE = ΔE(μ, ρring), when the coil chain of the PR backbone
is more stretched, i.e., the relative extension of the coil strand μ
gets increased.

To explore the molecular mechanism underlying the
emergent (free) energy gap, ΔE, between the two states of
the rings, we hypothesize that qualitatively the appearance of
this free energy difference could be attributed to a decrease in

Figure 2. (a) The dependence of energy difference ΔE on the
characteristic parameter α in the systems with N = 480, 600, and 720
while with different groups of μ and ρring. (b) The dependence of ΔE
on the characteristic parameter μ with N = 480, 600, and 720 while
with different groups of α and ρring. (c) The dependence of ΔE on the
characteristic parameter ρring in the systems with N = 480, 600, and
720 while with different groups of μ and α. The dashed lines in each
subfigure are shown to guide the eye for each group. The different
shapes of the symbols represent models with different chain lengths
N. The squares correspond to N = 480, and the circles for N = 600
while the triangles for N = 720, respectively. Notably, the parameters
of all systems as used in this figure are shown in Table S3 of the
Supporting Information.
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the conformational entropy of the coil strand (i.e., much-
suppressed accessibility of the coil conformations) due to
location of the rings at the coil strand, where additional
excluded volume interactions (e.g., either between the coil
segments and the ring segments or among the different rings
located at the coil) get highly involved. We note that the
excluded volume interaction underlies many interesting
phenomena of the entropy-induced structural formation in
soft matter, such as crystallization in densely packed hard
spheres,85 orientational ordering in concentrated liquid
crystals,86 and depletion in colloid−polymer systems,87 etc.
As de Gennes2 pointed out, swelling behavior of a polymer
chain conformation in good solvent, where effective excluded
volume interactions between polymer segments are resulted, is
also of entropic nature. Here, we design a series of simulations
to test our hypothesis. As is well-known, in the case of polymer
chains purely composed of hard-sphere segments, where the
interaction energy always remains zero, it is the entropy that
acts as the only physical origin of system behaviors. Therefore,
if the value of ΔE is still positive in rod−coil−rod PR system
composed of hard spheres, ΔE should be merely ascribed to
the entropy contribution. To test this idea, we look into PR
systems of the Kremer−Grest model with an increased value of
the repulsive interaction parameter ε of WCA in eq 2, where
the system approaches the hard sphere polymer model. As
shown in Figure 3 with N = 480, it is apparent that for each

system with the same characteristic parameters α, μ, and ρring,
ΔE/kBT changes only slightly and ultimately approach a
roughly converged value when the repulsive interaction
parameter ε increases from 1 to as large as 25. Therefore,
the above-mentioned entropy contribution (of the coil strand
along the PR backbone) is indeed the dominant physical origin
for the emerged ΔE.

We postulate that the emergence of energy gap ΔE/kBT
stems from an entropic loss of the coil strand when it is
threaded by the rings. There could be two typical effects. First,
the presence of a ring along the coil block would significantly
deteriorate configurational accessibility of the segments
spatially nearby due to the excluded volume interactions
between the ring and the coil segments, which is termed as a
locally entropic penalty of the coil segments. We note that this
effect plays a role in any case of the system with varying
characteristic parameters. Second, as the relative extension of
the coil strand decreases, the excluded volume interactions

between the segments within pervaded volume of the coil
become more dominant. Therefore, there will be an increase of
the excluded volume interactions when the coil chain is
threaded by rings, which actually leads to an entropic loss of
the coil conformation.

3.1.1. Locally Entropic Penalty of the Coil Segments.
Here, we consider a simple rod−coil−rod PR system threaded
with one single ring. Assume that the ring is located on the rod
block, and there are 2Nr possible locations for the ring on the
rod block. The partition function of the ring is then given by

= N Z2 N
rod r 0

f (6)

where Z0 is the partition function for one segment of the coil.
Similarly, if the ring stays on the jointing point of two coil
segments, the conformation of these two coil segments will be
modified with the corresponding single-segmental partition
function Z1. The partition function of the system is now given
by

= N Z Z N
coil f 1

2
0

2f (7)

where Nf accounts for the number of possible positions for the
ring along the coil strand. The entropy of the coil and rod
blocks could be written as Srod = kB ln Ωrod and Scoil = kB ln
Ωcoil, respectively.

The origin of the (free) energy difference ΔE between the
two states is due to the loss of conformational entropy of the
coil segments when the ring is located near those segments. If
we denote the single segment partition function with and
without ring as Z1 and Z0, respectively, the energy difference is
then given by

= =E k T
Z
Z

k T
Z
Z

ln 2 lnB
1
2

0
2 B

1

0 (8)

Considering the physical meaning of Z0 and Z1, we can
readily conclude that ΔE is independent of α since Z0 and Z1
are both local quantities and should not depend on the rod/
coil length ratio, i.e., α. This prediction is confirmed in Figure
4a, which plots ΔE/kBT as a function of α for different values
of μ. Furthermore, the physical meanings of Z0 and Z1 also
imply that ΔE must depend on the parameter μ, which
quantifies the stretching degree of the coil block. This
stretching effect could be explained qualitatively by using the
freely jointed chain model of polymers despite the fact that the
excluded volume interactions are present in our simulation
model. The ideal chain model can be seen as an approximation
of the simulation model, which could provide a qualitative
understanding of the simulation results. Employing an ideal
chain model here could also be justified to some extent by a
fact that the excluded volume interactions become more and
more irrelevant as the coil chain is stretched,88−90 since
according to the mean-field picture (i.e., Flory theory4) of a
polymer in a good solvent, strength of the excluded volume
interaction is inversely proportional to the pervaded volume of
the chain.4 Consequently, here, we adopt the simplest model of
a freely joined chain to leverage the following analytic results.
As an ideal picture, we assume that the PR backbone is along
the z axis, and there are three consecutive chain segments i −
1, i, and i + 1 on the coil block as schematically shown in
Figure 4b. Using a spherical coordinate system, the orientation
of the bond vector of ri⃗+1 − ri⃗ is described by two angular
variables, θ and ω, as shown in Figure 3b. When the ring is
absent from this chain segment and when the coil is not

Figure 3. Dependence of energy difference ΔE/kBT of the two states
of the rings along the rod−coil−rod backbone on the repulsive
interaction parameter ε in eq 2 in the systems with varying
characteristic parameters α, μ, and ρring. The chain length of the PR
backbone in these systems is kept the same, N = 480.
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stretched, the value of θ can cover a range from 0 to π while ω
from 0 to 2π, in accordance with the freely jointed chain
model. Thus, the partition function for Bead (i + 1) could be
obtained as

= =Z sin d d 40
0 0

2

(9)

On the other hand, when this segment is occupied by the
ring, the motion of Bead (i + 1) should be affected by the
excluded volume interaction from the ring. In this case, the

largest value of θ should decrease from π to a smaller value, θ0.
In this case, the partition function for Bead (i + 1) turns out to
be

= =Z sin d d 2 (1 cos )1
0 0

2

0
0

(10)

Next, we consider the effect of μ to be equivalent as the coil
is stretched. This can be modeled as an imposed external force
f along the chain backbone, i.e., along z axis. In general,
consistency between statistical mechanical properties of a
polymer chain by a constant pulling force and the case of a
chain with a constant extension only holds in the
thermodynamic limit, due to the equivalence of ensembles in
statistical mechanics.91 Nevertheless, as Wang92 pointed out,
this equivalence holds for any N in the case of ideal chains
because of the statistical independence of the different degrees
of freedom in such case. Thus, the probability of the
configuration of Bead (i + 1) (shown in Figure 4b) under a
stretching force f could be written as p(θ) ∼ efb cos θ/kBT, and
the partition function for Bead (i + 1) should be

=

=

Z

k T

sin e d d

2
fb

(e e )

fb k T

fb k T fb k T

1
0

cos /

0

2

B / cos /

0
B

B 0 B

(11)

with b as the bond length. The corresponding Z0 should be
given by

=

=

Z

k T

sin e d d

2
fb

(e e )

fb k T

fb k T fb k T

0
0

cos /

0

2

B / /

B

B B

(12)

Combining eqs 11 and 12, we obtain an expression of ΔE as

=

=

E k T Z Z

k T

2 ln( / )

2 ln
e e

e e

fb k T fb k T

fb k T fb k T

B 1 0

B

/ cos /

/ /

B 0 B

B B (13)

This equation provides the relationship between ΔE and
applied force f. For the freely jointed chain model considered
here, the applied force, f, can be quantitatively related to the
end-to-end distance of the chain, Ree, which is one of the
controlling parameter in our simulation model, through the
Langevin function4

=R bN
fb

k T fb k T
coth

1
/( )ee

B B

Ä

Ç

ÅÅÅÅÅÅÅÅÅÅ
i
k
jjjjj

y
{
zzzzz

É

Ö

ÑÑÑÑÑÑÑÑÑÑ (14)

Recalling the definition of μ ≈ Ree/Nfb, we can now derive a
theoretical relationship between ΔE and μ by the combination
of eqs 12 and 13. The symbols shown in Figure 4c represent
the values of ΔE obtained from MD simulations plotted as a
function of μ. The collapse of the data for different values of α
again proves that ΔE is independent of α, which is in
agreement with the result of Figures 2a and 4a. Furthermore,
the theoretical prediction with θ0 as the only fitting parameter
is given as a solid red line in Figure 4c. In practice, a value of θ0
= 39.5° is obtained by fitting the theory to the simulation data.
Actually, one could also estimate the value of θ0 through a
geometric analysis with the excluded volumes of the coil
segments and the ring segments being considered (see Figure

Figure 4. (a) Relationship between energy difference ΔE/kBT and the
rod/coil ratio α for different values of μ in the single ring-threaded PR
system. The dashed lines are guides of the eye. (b) Schematics of
three consecutive chain segments i − 1, i, and i + 1 on the coil strand
of PR. (c) Relationship between ΔE/kBT and the parameter μ with
different values of α. The red line is the theoretical prediction
according to eqs 12 and 13. Notably, the parameters of all systems as
used in subfigures (a) and (c) are shown in Table S4 of the
Supporting Information.
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S1 in the Supporting Information), which gives θ0 = 38°. This
consistency of θ0 suggests that the main physics behind the
energy gap ΔE has been retained within the theoretical
argument proposed here. The theoretical prediction is
consistent with the MD simulation results. It arrives at the
conclusion that the free energy difference ΔE is indeed a
function of μ, i.e., ΔE = ΔE(μ).

Because the parameter μ characterizes the extension of the
coil block, its effect is equivalent to the stretching degree of the
coil block, which can be quantified by the averaged bending
angle, ⟨φ⟩, of the segments of the coil block. Furthermore, the
effect of the excluded volume interactions between polymer
segments could also be effectively captured by the freely
rotating chain model.93,94 According to the freely rotating
chain model,4 the mean-square end-to-end distance is related
to the average bending angle, Ree ≈ C∞Nfl02, with

= +C 1 cos
1 cos

being the Flory characteristic ratio of the

chain. In our case, the bending angle parameter, φ, is defined
by the angle formed by three consecutive beads on the
backbone. Therefore, the dependence of ΔE on μ is translated
into a dependence on ⟨φ⟩, i.e., ΔE = ΔE(⟨ φ ⟩). This
prediction is confirmed by simulations from the single ring-
threaded PR system shown in Figure 5a, where ΔE values
obtained from various rod−coil−rod PR systems are plotted as
a function of their corresponding bending angle ⟨φ⟩ of the coil.

The above results were obtained for a rod−coil−rod PR
with one threaded ring. It is interesting to see whether the
proposed theoretical argument applies to the system of a rod−
coil−rod PR threaded with multiple rings. To this end, we
compute the energy gap ΔE and the average bending angle ⟨φ⟩
and plot them together in Figure 5b. It is obvious that these
two quantities are correlated with each other through a
functional form similar to that obtained for the case of one
threaded ring. For elucidating the cause for the decrease of ΔE
with an increased value of ⟨φ⟩ in the multiple ring-threaded PR

system, we need first clarify the influence of threaded ring
density ρring on the backbone flexibility. Previous experimental
studies95,96 have revealed that increasing the ring coverage in
PRs (ρring) leads to a stiffer PR conformation, i.e., equivalently
larger value of the average bending angle parameter ⟨φ⟩. We
stress that since ρring quantifies the density (or coverage) of
rings, more coated rings inevitably change the rigidity of the
axial polymer. Therefore, we may expect a monotonic
dependence of ⟨φ⟩ on ρring, i.e., increasing ρring should lead
to the increase of ⟨φ⟩. For validating it, we perform a
simulation in which the PR axial polymer involves only the coil
block, i.e., Nr = 0 and N = Nf so that the whole polymer
backbone is flexible. Figure 6 shows the dependence of the

averaged bending angle ⟨φ⟩ on the ring density ρring. It is clear
that, for both the conditions with obviously stretched (e.g., μ =
0.8) and less stretched (e.g., μ = 0.1) polymer backbone, we
can find monotonic increase of ⟨φ⟩ on increasing ρring, which
verifies the above speculation. In addition, we find that, for the
plots with different μ, they show relatively large difference in
the region of small ρring but almost overlap with each other at
large ρring. It implies that when the ring coverage is low, i.e.,
with small ρring, the intrinsic stretchability of the axial polymer
dominantly determines the bending angle parameter ⟨φ⟩.
However, under the condition that the axial polymer is almost
fully covered with rings, i.e., with quite large ρring, it shows the
similar flexibility and is independent of its intrinsic
stretchability μ. It is easy to understand that when the ring
coverage is high enough, the bending angle parameter ⟨φ⟩ is
more dependent on its local flexibility. When its local segment
is fully covered with rings, the flexibility should show no
difference. In this study, the ring coverage is simply given by
the parameter ρring. With the above analysis, the decrease of
ΔE with increased value of ⟨φ⟩ can be attributed to the fact
that increasing the ring coverage leads to a stiffer PR chain,
thus a larger value of ⟨φ⟩. Combining all the observations from
our simulations, we arrive at a conclusion that the energy gap
has the dependence of ρring that ΔE = ΔE(⟨ φ ⟩) = ΔE(μ,
ρring).

3.1.2. Globally Entropic Loss of the Coil Strand. The
excluded volume interactions between the rings and the coil
segments, which are far apart from the ring’s location along the
PR backbone, may come into effect when the relative extension
of the coil block μ becomes relatively smaller, leading to an
entropic cost of the coil chain. Quantitatively, the entropic loss
of a coil chain can be measured in terms of the excluded

Figure 5. Relationship between energy difference ΔE/kBT and the
angular parameter ⟨φ⟩ for (a) single ring-threaded PR and (b)
multiple ring-threaded PR with different sizes of ring Nring. The black
line in subsection (a) is a guide for the eyes.

Figure 6. Dependence of the averaged bending angle parameter ⟨φ⟩
for the flexible axial polymer on the density of threaded rings ρring in
conditions with μ = 0.1−0.8.
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volume interaction.2,97 In this section, we endeavor to obtain a
qualitative understanding of the effect of the ratio of the rod to
the coil strand lengths α on the energy gap ΔE when the
relative extension of the coil block μ becomes relatively smaller
as shown in Figure 2. Within a mean-field approximation, the
excluded volume interaction of the coil strand without
threaded rings is given by

F k Tv
N
R

,int B 0
f
2

g
3

(15)

in which v0 denotes the excluded volume of each coil segment,
and Rg is the gyration radius of the coil chain with Nf segments.
We assume Rg ≃ Ree with Ree = μRmax ∼ μNf. Then, we have

F
k Tv

Nint
B 0
3

f (16)

When the coil strand is threaded by one ring, the excluded
volume interaction can be similarly derived as
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where Rg ≃ Ree ∼ μNf is again used. The energy difference
between the above two states of the coil approximately may
give a rough estimate of ΔE for the single-ring system:

E F F k Tv
N

N

2
int int B 0

ring
3

f
2 (18)

Recalling 2Nr/Nf = α and N = 2Nr + Nf gives Nf = N/(1 +
α). Then, we arrive at

+
E

(1 )2

3 (19)

This mean-field prediction eq 19 also holds for the case of
the multiple ring systems as long as the excluded volume
interactions between the rings can be ignored, i.e., when ρring is
small. The conclusion from eq 19 that ΔE is inversely
proportional to μ but proportional to α is qualitatively
consistent with the results shown in Figure 2a,b.
3.2. Sliding Dynamics of Rings along the PR

Backbone. Now we look into the consequences of the energy
gap ΔE in the sliding dynamics of rings along the rod−coil−
rod PR backbone. According to the transition state theory,
once the energy barrier is larger than the thermal energy,
transition events between the two involved states would be
increasingly rare in which the transition time is exponentially
dependent on the energy barrier. Consequently, in current
case, there could be a hopping event of rings sliding from the
rod to the coil strands emerged when > 1E

k TB
. We will examine

this theoretical prediction in simulations of single-ring rod−
coil−rod PR systems. Let us denote the time of a ring sliding
from the rod block to the coil one as τp. For the system with
single-ring threaded PR, when the ring is located anywhere on
the rod block, we record the time point as t0. Then, the ring
starts sliding along the backbone chain via Brownian motion
and hops to the coil block at t1, i.e., the hopping time is
recorded as τp = t1− t0. After achieving a successful hopping
from the rod to the coil, the ring is placed randomly on the rod
block again and starts a new attempt for sliding. We carried out
a sufficiently large number of simulations for the calculation of

the averaged hopping time ⟨τp⟩. According to the transition
state theory, ⟨τp⟩ should be linked to ΔE by

= E
k T

expp 0
B

i
k
jjjjj

y
{
zzzzz (20)

Here, the value τ0 corresponds to the relaxation time of the
ring on the rod block of PR. Equivalently, this equation can be
rewritten as

= E k Tln /p

0
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jjjjj

y
{
zzzzz (21)

This relation (eq 21) has been verified in our simulation
results as shown in Figure 7a, where there is a single ring

sliding along the PR backbones with varying rod block length
as Nr = 10−50. Figure 7b shows the dependence of τ0 on the
chain length of rod block Nr (the red scatters). It is found that
τ0 is quadratically proportional to Nr, i.e., τ0 ∼ Nr

2 (fitting by
the blue curve). This finding is in excellent agreement with the
fact that rings are under a Brownian motion along the PR
backbone and suggests that the physical meaning of τ0 could be
the passing time of a ring along the rod strand via Brownian
dynamics.

Next, the features of ring hopping in a multiple ring-
threaded PR system are also investigated. In this section, the
dependence of the hopping frequency, which is measured by
the average number of hopping events of rings per unit time,
n̅hop, on the system parameters μ and ρring are studied. First, we
consider the effect of the ring coverage ρring on the hopping
behavior of rings. Without loss of generality, we choose a series
of PR systems with fixed parameters (α = 0.5 and μ = 0.4). By
varying the values of Nf and Nr, or simply tuning the number of

Figure 7. (a) Semilog relationship between the rescaled hopping time
ln(⟨τp⟩/τ0) and the energy difference ΔE/kBT in the single-ring PR
system. (b) Dependence of relaxation time τ0 on the rod block length
Nr in the system with single-threaded ring (the red scatters). The blue
curve shows the fitting of the scatters with a quadratic function of τ0
∼Nr

2.
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threaded rings nring on PR, we can obtain PR systems with
different values of ρring. In Figure 8a, we show the dependence

of n̅hop of all rings on ring coverage density ρring. It is revealed
that with the increase in ρring at the region of ρring = 0.2−0.5,
n̅hop increases remarkably with increasing ρring. When ρring >
0.5, however, n̅hop decreases gradually as ρring increases. This
finding can be explained in the following. When the ring
coverage is low (e.g., ρring < 0.5), rings are so sparsely
distributed along the PR backbone that they can undergo
sliding motion via Brownian dynamics. Increasing the number
of rings (thus increasing ρring) in this situation would enhance
the frequency of ring collision along the rod strand and
thereafter activate more hopping events happening. For the PR
systems with larger ring coverage (e.g., ρring > 0.5), however,
rings become nearly frozen along the PR backbone; i.e., ring
sliding is significantly suppressed, leading to a depression of
the effective ring colliding. Therefore, the number of hopping
events of rings per unit time, n̅hop, is further decreased with
further increasing ρring.

For exploring the detailed contributions of hopping of each
ring to the (total) number of hopping events n̅hop given in
Figure 8a, we further investigate the average number of
hopping events of every ring on the PR backbone per unit
time. To this end, the number of hopping events of the i-th
ring along the PR backbone per unit time, ⟨nhop(i)⟩, is shown
in Figure 8b, where Si is the index of the i-th ring. For all cases
with different ρring, we observe a bimodal distribution of
⟨nhop(i)⟩ in specific regions of Si/nring being nonzero while in
other regions ⟨nhop(i)⟩ = 0. This fact reveals that only those
rings located near the rod−coil strand boundary can hop from
the rod to the coil strands. For the case of ρring = 0.2, the
distributions of ⟨nhop(i)⟩ are relatively broad, indicating that
more rings near the rod−coil boundary are active on hopping.
With the increase of ρring, the distributions turn to be sharper,
and meanwhile, their peaks become higher. For systems with
further increasing ρring (e.g., when ρring > 0.5), the bimodal

peaks are apparently lower, which is consistent with the
hindered hopping events due to the increasing frozen rings
along the PR backbone. Notably, to better understand the
exclusive impact of coil segment length on the ring hopping
dynamics, we specifically design a comparison in which the
effect ascribed from the variation of coil segment length on the
hopping dynamics can be presented. See Figure S3 and the
corresponding discussions in the Supporting Information
(Section 3 of Supporting Information).

The dependence of the number of hopping events of rings
per unit time n̅hop on the parameters μ is shown in Figure 9a.

For simplicity, we choose systems with the parameters α = 2.0
and ρring = 0.2 for demonstration. By fixing Nr = Nf but
changing Ree of the coil strand (see schematics in Figure 1a),
we can obtain PR systems with different μ. From Figure 9a,
one can easily find a monotonic increase in the plot of n̅hop
with respect to μ. Since the ring coverage density is fixed as
ρring = 0.2, the exclusive stretching of the coil strand
(corresponding to the increase of μ) could yield the
continuous decrease of the free energy difference ΔE,
according to the result of Figure 2b. Consequently, more
rings should become active on hopping events with decreased
ΔE.

Similarly, for analyzing the contributions of each ring on n̅hop
in Figure 9a, we also plot the distribution of ⟨nhop(i)⟩ of all
threaded rings, as shown in Figure 9b. We can find a similar
bimodal distribution of ⟨nhop(i)⟩ symmetrically centered with
Si/nring = 0.5, as that in Figure 8b. Moreover, for the systems
with smaller μ, the bimodal peaks stay closer to the center Si/
nring = 0.5. It is ascribed to the fact that, because of the
increased ΔE with smaller μ, only a few rings could stay on the
coil strand (the ones with index Si/nring close to 0.5), while
most ones are on the rod block. Therefore, the rings which can
frequently hop up and down at the rod−coil boundary should
be the ones with their indexes relatively near the innermost
ring (the center ring) as well; i.e., the bimodal peaks appear

Figure 8. (a) Dependence of mean count of hopping events in unit
time of rings n̅hop on the ring coverage density ρring in the multiple
ring-threaded PR system with α = 0.5 and μ = 0.4 (blue scatters). The
red curve is for guiding the line. (b) The distribution of hopping event
counts in unit time ⟨nhop(i)⟩ of rings on the PR backbone for the
systems in (a) with different ρring. Here, nring is the total number of
rings, while Si denotes the index of the i-th ring. Notably, the
parameters of all systems as used in this figure are shown in Table S5
of the Supporting Information.

Figure 9. (a) Dependence of the mean count of hopping events in
unit time of rings n̅hop on the parameter μ in the multiple ring-
threaded PR system with α = 2.0 and ρring = 0.2 (blue scatters). The
red curve is for guiding the line. (b) Distribution of hopping event
counts in unit time ⟨nhop(i)⟩ of all rings on the PR backbone for the
systems in (a) with different μ. Notably, the parameters of all systems
as used in this figure are shown in Table S6 of Supporting
Information.
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close to the center Si/nring = 0.5. In contrast, with the increase
of μ, the bimodal peaks separate with each other even farther
on the x-axis, implying that more rings can stay on the coil
strand as a result of the obviously decreased free energy
difference. Moreover, we also find that with the increase of μ,
the bimodal peaks become even higher, but their widths do not
turn narrower obviously, which is different from that in Figure
8b. It implies that, based on the same ring coverage density
ρring, the fraction of rings that are located at the rod−coil
boundary and are active on hopping behavior does not change
much. Their activities on hopping, however, turn out to be
obviously much higher with a larger value of μ (or lower ΔE).

4. CONCLUSIONS
In summary, the entropy-induced localization and sliding
dynamics behavior of rings on a PR with a rod−coil−rod
backbone have been explored by molecular dynamics
simulations. The simulation results revealed that the rings
prefer to be located at the rod block regions due to a decrease
in the entropy of the coil block. Feature of the ring localization
is well described by a two-state system with a free energy gap
ΔE. We find that the energy gap is independent of chain length
of the backbone and only depends on the three characteristic
parameters, α = 2Nr/Nf, μ = Ree/Rmax and ρring = nring/N. This
entropic loss is estimated theoretically based on the freely
jointed chain model by considering excluded volume
interactions between the coil and the ring. Furthermore, the
relationship of hopping time of rings with the hopping free
energy barrier given by transition state theory is quantitatively
verified by simulations. The influence of the parameters μ and
ρring on the mean count of hopping events of all rings and the
distributions of count of hopping for each ring are studied for
understanding the feature of ring hopping dynamics. It should
be noted that, for a block copolymer as considered, not only
the stiffness but also the chemical nature of the blocks will be
different. This might also have a large impact on the
distribution of the rings and on their dynamics as the entropic
effect due to the different flexibility. In addition, the solvent
conditions will also affect the rotaxane−rings interaction,
which further impacts the dynamics. For emphasizing the
regulation of threaded rings mediated by the entropy effect, we
have to decouple all of the above factors in this study. Those
effects including solvent quality and chemical differences of
blocks deserve to be studied in the following investigations.
The coupling of different effects should trigger various
regulation results of rings localized on the PR.
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1. The schematics of the geometric relationship between the ring beads and the coil strand 

beads  

 Imagine that the ring is exactly sitting on the i-th bead of coil, as schematically shown in 

Figure S1. For simplicity, we still use the scheme applied in Figure 4b and we imagine that the 

ring plane is on the x-y plane. The limited bending condition for the coil segment is that, the (i+1)-

th bead closely touches the ring bead (i.e., the bead labeled as k in the figure) which is exactly 

below it.  In this condition, we may obtain the largest value of θ0. Thus, the three beads i, i+1 and 

k form a triangle. Given the fact that all sizes of beads are set as σ, the three side lengths should 

be:  𝑑(𝑖~𝑖 + 1)  ≈  𝜎  (equilibrium bond length as 0.97σ), 𝑑(𝑘~𝑖 + 1)  =  𝜎  (since they are 

touched with each other) and 𝑑(𝑖~𝑘) = 1.24𝜎. For 𝑑(𝑖~𝑘), we can first evaluate the diameter of 

the hollow cavity of ring (involving 8 beads) as 𝑑0 =  8𝑙0 𝜋⁄ = 2.47𝜎 with 𝑙0 = 0.97𝜎 as the 

bond length. Thus 𝑑(𝑖~𝑘) is exactly half of d0, thus 𝑑(𝑖~𝑘) = 1.24𝜎. Therefore, we can easily 

calculate the angle ∠(𝑖 + 1, 𝑖, 𝑘) = 52° . Thus, the angle 𝜃0 = 90° −  ∠(𝑖 + 1, 𝑖, 𝑘) = 38° . 

Practically, we use a quite approximate parameter, i.e., 𝜃0 = 39.5° to make the fitting and obtain 

the result in Figure 4c. 

Figure S1. The schematics of the geometric relationship between the ring beads and the coil strand 

beads. The gray beads represent the three consecutive chain segments i-1, i and i+1 on the coil 
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strand of PR which are referred from Figure 4b of the paper. The connected 8 green beads 

represent the threaded ring which is exactly sitting the position centered with the i-th bead of coil.  

2. The impact of polymer thickness on ΔE 

A new model, i.e., the “rod-normal-coil-slim” model, has been designed to investigate the 

impact of polymer thickness on ΔE. In this model, the thickness variation between different 

segments is taken into consideration. The rod segments and rings are composed of beads with a 

diameter of 1.0σ, which is used to mimic thick polymers, while the beads constituting the coil 

segments have a diameter set as 0.5σ, which is used to mimic thin or slim polymers. In the original 

model in the manuscript, the ratio of the thickness for the two segments was set Rrod : Rcoil = 1: 1, 

while the ratio for the new model is Rrod : Rcoil = 2: 1. We employ this approach to achieve distinct 

thicknesses for rod and coil segments. The following parameter combinations were used (listed in 

Table S1) to simulate models with different thicknesses and calculate the corresponding ΔE. We 

compared the ΔE results obtained from models considering varying polymer chain thickness with 

the previously unconsidered polymer chain thickness model system. The comparison results are 

illustrated in Figure S2. As shown in Figure S2, it can be observed that the Rrod : Rcoil = 2:1 model 

and the Rrod : Rcoil = 1:1 model yield similar results. Thus our main conclusion in the manuscript 

is still valid, i.e., ΔE is basically independent on α and N as long as μ and 𝜌ring are the same. 

Table S1. The parameter combinations used for the simulation of the Rrod : Rcoil = 2: 1 model (with 

N = 480, 600). 

μ α ρring 

0.2 0.25 0.05 
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0.4 0.25 0.05 

0.6 3.0 0.05 

0.8 3.0 0.05 

 

Figure S2. The dependence of ΔE on the characteristic parameter μ in the systems with 𝜌ring =0.05 

and different α in the “rod-normal-coil-slim” model. The different symbols represent models with 

various N. The square and circle symbols represent N=480 and 600, respectively. The hollow 

square and circle symbols represent Rrod : Rcoil = 1: 1 models, the solid square and circle symbols 

represent Rrod : Rcoil = 2: 1 models, while the hollow square and circle with a cross in the center 

symbols represent Rrod : Rcoil = 1: 2 models. The solid, dashed and short dash dot lines are shown 

to guide the eye for each group. 

3. Hopping dynamics of rings with varying the length of coil strand 
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To better understand the impact of coil segment length on the ring hopping dynamics, we design 

a series of models. In these models, the rod length Nr is set to 60. The number of rings is set to 100. 

The Ree values for the coil segment was set to several fixed values as listed in Table S2. By 

adjusting the coil length Nf values, a series of models were constructed. The specific parameter 

details are listed in Table S2. 

Table S2. The parameters for the models of different coil lengths.  

Nf N α μ Ree ρring 

20 140 6.00 0.54 10.0 0.71 

40 160 3.00 0.53 20.0 0.63 

80 200 1.50 0.78 60.0 0.50 

160 280 0.75 0.39 60.0 0.36 

240 400 0.50 0.40 92.73 0.25 

320 440 0.38 0.19 60.0 0.23 

400 560 0.30 0.16 60.0 0.18 

 

Based on the systems in Table S2, the hopping dynamics are investigated. As shown in Figure 

S3 (a) and (b), the results of the ring hopping dynamics obtained by varying the coil length are 

generally consistent with those presented in Figure 8 of the main text. When ρring < 0.5, the mean 

count of hopping events significantly increases with the growth of ρring. Conversely, when ρring > 
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0.5, further increasing ρring results in a decrease in the mean count of hopping events. Thus the 

main principle is still valid for various lengths of the coil strand. 

 

Figure S3. (a) The dependence of mean count of hopping events in unit time of rings �̅�hop on the 

ring coverage density 𝜌ring in the multiple-ring-threaded PR system. Each blue scatter represents 

multiple-ring-threaded PR system with different coil length Nf. The red curve is for guiding the 

line. (b) The distribution of hopping event counts in unit time  〈𝑛hop(i)〉 of rings on the PR 

backbone for the systems in Subfigure (a) with different 𝜌ring  and coil chain length Nf. Here 

𝑛ring is the total number of rings, while 𝑆i denotes the index of the i-th ring. 

4. The parameters used for simulated models in the manuscript 
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The parameters used for simulated models for Figure 2, Figure 4(a), Figure 4(c), Figure 8 

and Figure 9 are shown in the following tables. 

Table S3. The parameter combinations with N=480, 600, and 720 used for the simulation of 

Figure 2 in the manuscript. 

Subfigure (a): 

N = 480 

α μ ρring N Nr Nf nring 

0.25  0.3 0.2 480 48 384 96 

 0.3 0.5 480 48 384 240 

 0.7 0.2 480 48 384 96 

 0.7 0.5 480 48 384 240 

1.0 0.3 0.2 480 120 240 96 

 0.3 0.5 480 120 240 240 

 0.7 0.2 480 120 240 96 

 0.7 0.5 480 120 240 240 

2.0 0.3 0.2 480 160 160 96 
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 0.3 0.5 480 160 160 240 

 0.7 0.2 480 160 160 96 

 0.7 0.5 480 160 160 240 

3.0 0.3 0.2 480 180 120 96 

 0.3 0.5 480 180 120 240 

 0.7 0.2 480 180 120 96 

 0.7 0.5 480 180 120 240 

 

N = 600 

α μ ρring N Nr Nf nring 

0.25  0.3 0.2 600 60 480 120 

 0.3 0.5 600 60 480 300 

 0.7 0.2 600 60 480 120 

 0.7 0.5 600 60 480 300 

1.0 0.3 0.2 600 150 300 120 

 0.3 0.5 600 150 300 300 
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 0.7 0.2 600 150 300 120 

 0.7 0.5 600 150 300 300 

2.0 0.3 0.2 600 200 200 120 

 0.3 0.5 600 200 200 300 

 0.7 0.2 600 200 200 120 

 0.7 0.5 600 200 200 300 

3.0 0.3 0.2 600 225 150 120 

 0.3 0.5 600 225 150 300 

 0.7 0.2 600 225 150 120 

 0.7 0.5 600 225 150 300 

 

N = 720 

α μ ρring N Nr Nf nring 

0.25  0.3 0.2 720 72 576 144 

 0.3 0.5 720 72 576 360 

 0.7 0.2 720 72 576 144 
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 0.7 0.5 720 72 576 360 

1.0 0.3 0.2 720 180 360 144 

 0.3 0.5 720 180 360 360 

 0.7 0.2 720 180 360 144 

 0.7 0.5 720 180 360 360 

2.0 0.3 0.2 720 240 240 144 

 0.3 0.5 720 240 240 360 

 0.7 0.2 720 240 240 144 

 0.7 0.5 720 240 240 360 

3.0 0.3 0.2 720 270 180 144 

 0.3 0.5 720 270 180 360 

 0.7 0.2 720 270 180 144 

 0.7 0.5 720 270 180 360 

 

Subfigure (b): 

N = 480 



S11 

 

μ α ρring N Nr Nf nring 

0.2  0.25 0.05 480 48 384 24 

 0.25 0.4 480 48 384 192 

 3.0 0.05 480 180 120 24 

 3.0 0.4 480 180 120 192 

0.4 0.25 0.05 480 48 384 24 

 0.25 0.4 480 48 384 192 

 3.0 0.05 480 180 120 24 

 3.0 0.4 480 180 120 192 

0.6 0.25 0.05 480 48 384 24 

 0.25 0.4 480 48 384 192 

 3.0 0.05 480 180 120 24 

 3.0 0.4 480 180 120 192 

0.8 0.25 0.05 480 48 384 24 

 0.25 0.4 480 48 384 192 

 3.0 0.05 480 180 120 24 
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 3.0 0.4 480 180 120 192 

 

N = 600 

μ α ρring N Nr Nf nring 

0.2  0.25 0.05 600 60 480 30 

 0.25 0.4 600 60 480 240 

 3.0 0.05 600 225 150 30 

 3.0 0.4 600 225 150 240 

0.4 0.25 0.05 600 60 480 30 

 0.25 0.4 600 60 480 240 

 3.0 0.05 600 225 150 30 

 3.0 0.4 600 225 150 240 

0.6 0.25 0.05 600 60 480 30 

 0.25 0.4 600 60 480 240 

 3.0 0.05 600 225 150 30 

 3.0 0.4 600 225 150 240 
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0.8 0.25 0.05 600 60 480 30 

 0.25 0.4 600 60 480 240 

 3.0 0.05 600 225 150 30 

 3.0 0.4 600 225 150 240 

 

N = 720 

μ α ρring N Nr Nf nring 

0.2  0.25 0.05 720 72 576 36 

 0.25 0.4 720 72 576 288 

 3.0 0.05 720 270 180 36 

 3.0 0.4 720 270 180 288 

0.4 0.25 0.05 720 72 576 36 

 0.25 0.4 720 72 576 288 

 3.0 0.05 720 270 180 36 

 3.0 0.4 720 270 180 288 

0.6 0.25 0.05 720 72 576 36 
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 0.25 0.4 720 72 576 288 

 3.0 0.05 720 270 180 36 

 3.0 0.4 720 270 180 288 

0.8 0.25 0.05 720 72 576 36 

 0.25 0.4 720 72 576 288 

 3.0 0.05 720 270 180 36 

 3.0 0.4 720 270 180 288 

 

Subfigure (c): 

N = 480 

ρring μ α N Nr Nf nring 

0.05 0.2 0.25 480 48 384 24 

 0.2 3.0 480 180 120 24 

 0.6 0.25 480 48 384 24 

 0.6 3.0 480 180 120 24 

0.2 0.2 0.25 480 48 384 96 
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 0.2 3.0 480 180 120 96 

 0.6 0.25 480 48 384 96 

 0.6 3.0 480 180 120 96 

0.4 0.2 0.25 480 48 384 192 

 0.2 3.0 480 180 120 192 

 0.6 0.25 480 48 384 192 

 0.6 3.0 480 180 120 192 

0.6 0.2 0.25 480 48 384 288 

 0.2 3.0 480 180 120 288 

 0.6 0.25 480 48 384 288 

 0.6 3.0 480 180 120 288 

 

N = 600 

ρring μ α N Nr Nf nring 

0.05 0.2 0.25 600 60 480 30 

 0.2 3.0 600 225 150 30 
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 0.6 0.25 600 60 480 30 

 0.6 3.0 600 225 150 30 

0.2 0.2 0.25 600 60 480 120 

 0.2 3.0 600 225 150 120 

 0.6 0.25 600 60 480 120 

 0.6 3.0 600 225 150 120 

0.4 0.2 0.25 600 60 480 240 

 0.2 3.0 600 225 150 240 

 0.6 0.25 600 60 480 240 

 0.6 3.0 600 225 150 240 

0.6 0.2 0.25 600 60 480 360 

 0.2 3.0 600 225 150 360 

 0.6 0.25 600 60 480 360 

 0.6 3.0 600 225 150 360 

 

N = 720 
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ρring μ α N Nr Nf nring 

0.05 0.2 0.25 720 72 576 36 

 0.2 3.0 720 270 180 36 

 0.6 0.25 720 72 576 36 

 0.6 3.0 720 270 180 36 

0.2 0.2 0.25 720 72 576 144 

 0.2 3.0 720 270 180 144 

 0.6 0.25 720 72 576 144 

 0.6 3.0 720 270 180 144 

0.4 0.2 0.25 720 72 576 288 

 0.2 3.0 720 270 180 288 

 0.6 0.25 720 72 576 288 

 0.6 3.0 720 270 180 288 

0.6 0.2 0.25 720 72 576 432 

 0.2 3.0 720 270 180 432 

 0.6 0.25 720 72 576 432 
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 0.6 3.0 720 270 180 432 

 

Table S4. The parameters for the simulated models used in Figure 4(a) and Figure 4(c). 

μ Ree Nr Nf α 

0.2 7.566 5 40 0.25 

 3.686 10 20 1.0 

 3.686 20 20 2.0 

 3.686 40 20 4.0 

 3.686 80 20 8.0 

 3.686 120 20 12.0 

0.3 11.349 5 40 0.25 

 8.439 15 30 1.0 

 8.439 30 30 2.0 

 8.439 60 30 4.0 

 8.439 120 30 8.0 

 8.439 180 30 12.0 
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0.4 15.132 5 40 0.25 

 15.132 20 40 1.0 

 15.132 40 40 2.0 

 15.132 80 40 4.0 

 15.132 160 40 8.0 

 15.132 240 40 12.0 

0.5 18.915 5 40 0.25 

 23.765 25 50 1.0 

 23.765 50 50 2.0 

 23.765 100 50 4.0 

 23.765 200 50 8.0 

 23.765 300 50 12.0 

0.6 36.666 5 40 0.25 

 34.338 30 60 1.0 

 34.338 60 60 2.0 

 34.338 120 60 4.0 
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 34.338 240 60 8.0 

 34.338 360 60 12.0 

 

Table S5. The parameters for the simulated models used in Figure 8. 

Nf Nr N α μ nring ρring 

80 20 120 0.5 0.4 100 0.83 

120 30 180 0.5 0.4 100 0.56 

100 25 150 0.5 0.4 75 0.50 

100 25 150 0.5 0.4 60 0.40 

200 50 300 0.5 0.4 100 0.33 

240 60 360 0.5 0.4 100 0.28 

100 25 150 0.5 0.4 30 0.20 

 

Table S6. The parameters for the simulated models used in Figure 9. 

Nf Nr N α μ Ree nring ρring 

60 60 180 2.0 0.2 11.45 36 0.20 
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60 60 180 2.0 0.3 17.17 36 0.20 

60 60 180 2.0 0.4 22.90 36 0.20 

60 60 180 2.0 0.5 28.62 36 0.20 

60 60 180 2.0 0.6 34.34 36 0.20 

60 60 180 2.0 0.7 40.061 36 0.20 

60 60 180 2.0 0.8 45.78 36 0.20 

 


